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HUONG DAN GIAL
Bail
1.Tac6 AB = (-24;,-16), np = (2-11) la VTPT cua (P).
a) Goi (Q) 1 mit phing chira A, B va (Q) L (P)
Ma [ﬁ,@} = (-12,-30;-6) nén ng, = (2;5:1) la mot VTPT cita (Q)
Vay phuong trinh cia (Q): 2x+5y+2z-11=0.
b) Ta thdy hai diém A, B nidm vé hai phia so v6i mit phang (P).
Goi H(a;b;c) 1a hinh chiéu cua A 1én mit phing (P) tacd AH =tn,
a+l=2t a=2t-1
Suyra<b-3=-t<<b=-t+3.
c+2=t c=t-2
Mat khac H € (P) nén
2a-b+c+1=0<=22t-1) - (-t+3)+t—-2+1=0
Tir d6 ta tim duoc H(1;2;,-1).
Goi A' 1a diém dbi xtmg v6i A qua mat phang (P), suy ra A'(3;1;0) dong
thoi A' v6i B nam vé hai phia so v&i mit phang (P).
Khi d6 voi moi diém M e (P) tacd:MA+MB =MA'+MB> A'B.
D:fmg thirc xdyra < M = A'Bn (P). Tt do ta tim dugc M (2;2;-3).
2.Taco AB = (4;-4; —4);03 =(210;-8)

— AB.CD=0= AB 1L CD = (AB,CcD) = 90°
Do AB khong d6i = AAMB c6 chu vi nho nhat <> AM + BM nhé nhat

X =-1+2k
Goi M (x;y;z) e CD = CM =kCD < {y =-4+10k
z=3-8k

=M (—1+2k;—4+10k;3—8k)
:»m=(2k—3;10k—7;1—8k),ﬁ=(2k—7;10k—3;5—8k)

Suyra AM + BM = \/168k2 — 168k + 59 + /168 — 168k + 83

2 2
:\/168(k—%] +17 +\/168(k—%} +41 > 17 +/41

Diu “=" xdy ra < kz%@ M (0;1;—1).
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3. Goi A la duong théng can tim; A nam trong mat phéng (Q) diqua A va
song song voi (P).

Phuong trinh (Q) : x—2y+2z+1=0.

Goi K,H 1a hinh chiéu cia B trén A, (Q). Tacé BK > BH = AH &

duong thfmg can tim. Toa do cua H 1a nghiém cua hé:

x-1 y+1 z-3 o
B - :>H[ 1'11'7J:>AH=(§-E'—EJ.

1 -2 2
X—-2y+2z+1=0

x+3 y z-1
Vay phuong trinh A : —:—:—.
yp £ 26 11 -2

4. Gia st mat phéng (o) cit cac tia Ox,0y,0z tai cac diém khac géc toa do la
A(a;0;0),B(0;b;0),C(0;0;c) véi a,b,c>0.

Phuong trinh mit phang (o) c6 dang X, % +Zo1,
a Cc

Mit phang (o) di qua diém M(1;9;4) nén L % 2. ().
a c
a) Khéi tir dién OABC c6 goc tam dién dinh O vudng, nén thé tich 1a
v =2oa.0B.0C = La||b|d = L abc
r 4 2 6 6 6
Ap dung bat dang thirc Cauchy ta cé

1—1 ﬂ g>33%:>abc>972:>v>162
anc

a b c
Dau dang thirc c6 khi = 1_4 g 1 =a=3,b=12,c=27.
a b c 3

Vay thé tich khéi tir dién OABC nho nhat 1a 162 (dvtt), khi mit phang (o)

¢6 phuong trinh §+l+5—1®36x+9y+4z 108 =0.

12

b) Pat T=0A+0OB+0OC=a+b+c Taco
T.1:(a+b+c)(£+ gj 14 + 42 b+9b+4c+9c c
a

>14+2\/4ab 2\/36b° + 2\/9%‘ ~36=T > 36.

bacbaa
ba cb ac
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i 2429 a=6

Dau dang thirc c6 khi =ib=12.
4a b 9b 4c 9c c
—=——=—;—=—|c=18
b ac b a a
Viy gia tri nho nhét cia OA + OB +OC la 36, khi mit phang (a) c6 phurong

tinh 2+ Y+ Z 1 6x+3y+22-36=0.
6 12 18

X=-3+2t
5. a) Phuong trinh duong thang AB:{y =4+t (t € R).
z=1-t
Toa d¢ giao diém cia AB va A thoa min hé phuong trinh
-3+2t=1+2v
44+t=8+3v @{t =1 150
1-t=1+v =1
Viy hai duong thang cit nhau tai diém 1(-1; 5; 0).
Taco Al(2;1; -1), AB(4; 2; —2) nén AB =2Al, hay | thudc doan thing AB.
Vi MA +MB > AB va déu dang thirc ¢6 khi M =1 nén gia tri nho nhét cua
MA + MB 13 AB, xdy ra khi M(-1; 5; 0).
b) Do AC(4; 6;2) =20, vd A¢A nén AC//A, ticla AC VA A nim trong mit
phang (P) va A,C cung phia so v6i A.
Goi hinh chiéu caa A trén A 1a H(1+2t;8 +3t; 1+t), taco
AH(4+2t; 4+3t; 1), G,(2; 3; 1).

Vi AH LA nén AH.l, =0 < 2(4+2t) +3(4 +3t) +t :Oat:—g

77
Goi A" dbi xtmg véi A qua A thi H 1a trung diém cua AA’ nén
toa do diém A’ 1a A’ —E;ﬁ; _13)

777 7

Taco A’ va C nam khac phia so v6i A trong mit phang (P)
dong thoi MA + MC = MA’ + MC > A'C, nén gi tri nho nhét cia
MA +MC bing A'C khi M =A'CNA.
x=1+6u
Do AC= Z(6; 23;17) nén phuong trinh A'C: {y =10+ 23u (u e R).
! 1z=3+17U
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Vay diém M cantimla M l ﬂ ﬂ
777

Bai 2

1.a) Taco: C(a;a;0), B'(a;0;b), C'(a;a;b), D'(0; a;b) = M (a; a;g)
Suyra A'B =(a;0;-b), A'D =(0;a-b), A'M =(a;a;—g) nén
[A'B,A'D} - (ab; ab: a2)

2 2
= A'M.[A'B,A'D}:%b, Vay Va b :aTb_

b) Do a,b > 0 nén ap dung BPT C5 si ta co:

4= a+b_£a+1a+b>3«3/1a b:>a2b<256
2 2 4 27

a_p a=>
bang thirc xayra < {2 & Z’
a+b=4 b=—
3
64
Vay maxV,. =—.
ay A'BDM ~ 57

2. a) Vi diém D e (Oyz) nén D(O;y;z).
Taco: AB(-1;2;—1),CD(=3;y — 2,z —6),AC(0;3;6),BD(-2;y —1;z+1)
Ta dién ABCD c¢6 cac cap canh dbi vudng goc khi va chi khi

ABLCD |ABCD=0 [2y-z=-5 1 3

Pl 2 oy=-=,z==.
ACLBD |ACBD=0 |y+2z=-1 5'7 5
Viy toa d6 diém D Ia D(O —];:)—1 gj

b) Tacé M(t;0;0) nén AM(t —3;1;0), AB(-1; 2;—1).
Do dé [m,ﬁ] = (-1;t —3;2t —5). Dién tich tam giac ABM Ia

Suns :%‘[m,ﬁ] :%\/1+(t —3)? +(2t —5)° :%W.

Véi f(t) =1+ (t —3)? + (2t —5)% =5t% — 26t +35 la tam thirc bac hai c6 hé s6 t?

12 5>0, nén minf(t)=f 13 6 , khi t_l3
5) 5 5
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J30

Vay gia tri nho nhat cua dién tich tam gidc ABM 1a 10 dat duoc khi diém

M [E;O;Oj.
5

3.a)Vi M € (0xz) nén M(x;0;z).

Tacd MA(5-x;2;3-2),MB(-1-x;-2,—-1—2).

Cac diém A,M,B thing hang nén ton tai k sao cho
5-x=k(-1-x) X=2

MA =k.MB & 2= -2k ok =-1

3-z=k(-1-2) z=1

Vay M(2;0;1) va chia doan AB theo ti s6 —1 (M 1a trung diém AB).

b) Theo bét ding thirc tam giac, ta cd NA + NB > AB. Vi tung do hai diém A,B

trai dau, nén hai diém A,B nam vé hai phia cia mit phiang (Oxz). Do d6

NA +NB = AB khi va chi khi N 1a giao diém cua AB véi mit phang (Oxz),

hay N = M(2;0;1).

Vay gi4 tri nho nhat cia NA + NB 12 2417 khi N(2;0;1).

c) Taco K(t;t;t) nén AK(t —5;t —2;t —3),BK(t +1;t +2;t +1).

2
Vi thé f(t):2KA2—3K82:—3t2—64t+58:—3(t+%] +—11398 nén
)< 18 vt e r.
Declngthl'rcxéyrakhitz—g, hay K —g;—g;—g .
3 3 3 3
. . 1. o X+1 y z-4
4. (P): x+y-z+1=0,A1; -1; 2),A: > "1 3

a) Goi U4(a; b; c), a® +b® + ¢ >0.
Co d//(P)=U4.np =0 nén c=a+Dh.
A qua M(-1; 0; 4) vaco u,(2;1; -3).
Tacé AM(=2; 1; 2), [d,, Uy]=(a+4b; —5a—-2b; 2b-a).
Khoang cach giira hai duong thang
[6,.6.]-AM| 192+ 6b|
[U..Us]  J(a+4b) +(5a+2b) + (2b—a)

d(d; A) =
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Hay d(d: A):\/ 2(9a+6b)2 2 S\/7_0'
27a% + 24ab +24b* 14
x=1
Khi d6 duong thang can tim1a d: Jy =-1+t.
z2=2+t

b) Goi goc gitta A va d la o.
Gié tri 1on nht ctia ¢ 12 90° khi Uy =|d,, ip) | = (2 =5; 1),
X-1 y+1 z-2
5 -1
Gi tri nho nhét cua ¢ dat duge khi Uy =| Ae),[U,, ey ||=(-6; -1 -7)

Puong thang can tim d :

x-1 y+1 z-2
6 1 7
) Uy (1 1; 1), AB(-2; 2; —3).

Khoang cach tir B dén d 16n nhét khi G =[ad,, ﬁ]:(—s; 1; 4) nén phuong

Puong thang can tim d :

tmmdegm%gﬁnmnd:ngzyI1=Z;?

Khoang cach tir B dén d nho nhét khi
U, =[ud,, [dg. ﬁﬂ =3(1; -3; 2).
Xx-1 y+1 z-2
-3 2

Phuong trinh dudng thing can tim d:
Bai 3

Vi

MeA=M(G21-t), AM =(t-32t-2-t+2), BM = (t -1;2t +2-t)

CM = (t-2:2t -1t —2)

1. Taco: MA + MB =\/6t2—18t+17+\/6t2+6t+5

T =T
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Ap dung bét dang thirc: Va2 412 2 +d? » \/(a+ 02 + (b+d)?, ding

thire xay ra khi % = g , ta co:

MA + MB > [#—J@HJ@H@JZP\ET =38

Ding thirc xay ra @#—\/gt:\/gt+§<:>t:%.

Vay M [% i1 %j 1a diém can tim.

2.Tacd: AM +CM :\/6t2 —18t+17+\/6t2 _4t+9

F

( j 12?3% '

\%

Ding thirc xay ra < [g - tJ 2

45 _ \/_ (45 \/— 4\/_ 35
10+3J_ 10+3V42 "10+3J42 |

Vay M

Bai 4 Gia st A(&;0;0), B(0;b;0), C(0;0;¢c) vdi a,b,c> 0. Khi d6 phuong

trinh ctia («) c6 dang: XYz,
a

c
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Vi (a) diqua M nén ta co: l+%+9:1 1)
a c

1. Tac6: M latrong tdm tam giac < a=3,b=12,¢c=27

Nén phuong trinh cia (a):§+%+2—Z7:1©36x+9y+4z—108:0

2. Thé tich khéi tir dién OABC Ia: V = %abc

+ 4 + 9 > 3?’2 = abc> 27.36
b ¢ abc

Suyra V > 6.27 = 162. Dang thirc xay ra
®l=ﬂ=g=1©a=3,b=12,0=27.

a b ¢ 3
Vay phuong trinh (o) : 36x+9y+4z-108=0.
3. Goi H 1a hinh chiéu cia O Ién mit phiang

(ABC) = d(O,(ABC))=OH < OM

Tu (1), &p dung BDT Co sitacod: 1=

Q|

Piang thirc xdy ra < H = M hay mit phang («) di qua M va nhan oM
lam VTPT nén phuong trinh (o) : x+4y+9z2-98 =0.

4. Taco JOATOC=40B _Jarc=4b C=3b_gthayvz}lo(l)tacé
OA=0B+9 a=b+9 a=b+9
duoc:
! +f+i=1@(b—g)(t)2+7|o—12)=o@b=9,b=M
b+9 b b-3 2
e b =9 taco phuong trinh («) : x+2y+2z-18=0
. bzﬂ ta c6 phuong trinh

-1=0.

—39—3\/§X+7+;{9_7y+11—\/9_7

(@) ——=5 2 12

Bai5

1. Gia sir mit cau (S) ngoai tiép hinh chép OABC c6 phuong trinh:

x2+y2+22—2mx—2ny—2pz+q:0.
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Thay toa d6 cac diém O, A, B,C V&o ta co:

a2—2ma+q=0

m=2: n b
2 _ = — = —
b -2nb+qg=0 o 2 2
C2—2Cp+q=0 p:E’ g=0
p=0 2
a b c
Suy ra tim ctia mit cau (S) 1a I(E > E) va ban kinh

R:lozlx/a2+b2+c2.
2
21 27 27 2 2127
— S a

Ap dung BDT Cosi ta co: a2+l 2r o
8a 8a 4 4a 4

Tacﬁngc()haiBDTtu’ongtl_I:bz+£>z, c2+27 2
b~ 4 4c” 4

Cong ba BDT nay lai voi nhau ta dugc:

az+b2+c‘2+2 E+1+1 >§:>a +b2+02>£:>R2%.
4 b c 4 4 4

SJ_

w

Pang thirc xdyra < a=b=c=>.Vay minR ===

N

LR s N A N 1
2. Tac6 the tich cta tir dién OABC la: Vgage = 5 abc.

Dién tich toan phan cua tur dién :

Stp = %(ab+ bc+ ca+ \/azb2 +b?c? + c2a2)
3V abc
Suyrar=—-=
tp ab+bc+ca+ \/azb2 + b2 + ?a?

Tir gia thiét bai toan ta suy ra ab+ bc+ ca = 2abc.

Mit khac: a’b? + b?c? + c?a? > %(ab +bc+ ca)2
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Nén r < abc = \/§ :
2abc+ \/2_ abc 23 +1)
3

Mt khac: a2b? + b2 + 2a? < (ab+be+ ca)? = (2abg)2 = 1 > 4a:bcc - %.

Bai 6
1. Goi trong tdm cua tam giac ABC la G(1; - 1; 0).

Tacoé MA+ MB + MC = 3MG nén MA+MB+MC‘:3‘MG‘, nén

‘MA + MB + MC| dat gia tri nho nhét khi va chi khi MG nhé nhét. Ma
M e (P) nén diém M can tim 13 hinh chiéu cua G trén (P).
Giasit M(x; y; 2) thi IM = x-1, y+1; 2)

TV x-1 y+1 z
M =tNp 6l 1 T2 "2 =M@ 1L -2
M e (P) X—-2y+2z+6=0

Nén tu {

Vay diém M (0; 1; — 2) 1a diém can tim.
2. Mt cau (S) c¢6 tam | (1;1;1)
Goi J(a;b; 0) 1a diém thoa man 2JA —4JB + 3JC = 0.

Ta co:
JA=(Q1-a, -b-1-0,JB=2-a -2-b;1-0,JC=(-4a —-1-b;, -0

Nén 2ﬁ—4ﬁ+3ﬁ=(—6—a; 5-b;, -6-0), suyra J(-6; 5; — 6).

Vi 2MA —4MB +3MC = MJ + 2JA —4JB +3JC = MJ nén biéu thirc
‘2@ —4MB + 3%‘ dat gia tri nho nhét khi va chi khi MJ 16n nht.
X=1-7t

Taco 1J = (—7; 4; —7) = JI : <y =1+4t thay vao phuong trinh (S) ta c6
z=1-7t
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49t2 +16t° + 49t2 :5—27©t=i%

Suyra 1J cit (S) tai hai diém E(—g;s;—ﬁj, F
Do JE <JF nén JM lénnhdt & M =F

Vay M [g =1 gj 1a diém can tim.

Bai7
1. Mt cau (S;) cotam 1,(3; 6; —6), R, =3. (S,) cOtdm 1,(0; 0; 0) va
ban kinh R, =3.

Hai mit cau c6 ban kinh bang nhau, nén mit cau can tim c6 tdm | 12 trung

y W Pl e A
diémcta 1,1, = | (g 3 —3}, béan kinh R :%+ R, :% (mat cau
(S) tiép xtic trong véi (S)) va (S,)).

Phuong trinh (S): X + y2 +2° - 3x—-6y+6z-36=0.
x-1 y+1 z-1
- 1 2 ’—1
a) Taco AB(-1; 3; —2). Giasir A catd tai M(1+t; 2t —1;1—t).
Pudng thdng A €6 Vée to chi phuong 1a AM(t —2; 2t +1; —t).
35t — 70t +45

6t2+5

2. A(3;,-2;1), d:

Khoang cach gitra B va A la d(B, A) :\/

Gia tri 16n nhét 1a ~14 khi t = —g nén duong thang can tim

X-3 y+2 z-1
19 3 -5

A

Gia tri nho nhét 1a Zo khi t = ! nén duong thang can tim
X-3 y+2 z-1

[ 20) 7

A

~J —J T
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b) A" qua N(1; 2; —1) va véc to chi phuong U, (2; —1; 2).
Tacd AN(=2; 4; —2), AM(t —2; 2t +1; —t) nén
[Uy, AM | = (-3t -2; 4t -4; 5t).
Khoang cach giira hai dudng thang la
[4s AM]AN] 1o oy
[4,. AM] “ Y0 \str—2t+2

d(A;A") =

Gi4 tri 16n nhat cua d(A;A") la 242 khi t = —%, hay duong thing can tim co

X-3 y+2 z-1
-9 2 1
¢) AM(t -2; 2t +1; —t), i) (5; 2, —3). Tacod

phuong trinh A :

sin(A,(P)) = lcos(AM, i )\— 43t -2
y — y P - _—_—— /-
® [Be A6t +5
, , . 46
Gi4 tri 16n nhat ctia goc gitta A va mat phang (P) la arcsin —
i goc g it phing (P) 795

khi t = —g, hay duong thang can tim c6 phuong trinh 14

X-3 y+2 z-1
13 6 -5
Bai 8.

A

1. Phuong trinh mat phang (P) qua M c6 dang
(P): Ax-1)+B(y+2)+Cz=0, A%+ B2 +C?>0.
Vi (P) qua N nén C = A +2B.
Taco np = (A; B; A+2B), ng =(L 2 2) lAVTPT cita (P) va (Q) nén

goc giira hai mit phang (P) va (Q) 1a ¢ théa man

e Néu B =0 thi A0 nén coswzi.

2
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e Néu B¢0thidatt:§,teRtacé:

B (t+2) (t+2)
Ccos @ = o «/f(t ), f(t) = > .
+4t+5 2t +4t+5

Ta tim dugc max f (t) :g khi tzé, hay A:%B. Chon B=2 thi A=1

va C=5.

Hay phuong trinh (P): x+2y+5z+3=0.

2. Tuong ty cdu 1) ta c6 phuong trinh mit phang (P) 1a
A(X-1)+B(y+2)+(A+2B)z=0,A% + B% +(A+2B)? > 0.

Tacd uTj, = (2 -1;2) lAVTCP cua d' nén goc giita mat phang (P) va
duong thang d' 1 a thoa man

— — ‘“p-“d" |4A+3B| _1J (4A + 3B)?

sinaz‘cos(np, ud,)‘z - = =3 >
‘np‘.‘ud, 3.JAZ + B2 1 (A +2B)? 2A2 4+ 4AB + 5B

22
2

e Néu B=0thi A#0 nén sina =

o Néu B;tOthidétt:%,teRtacé:

sing ==, / (4t+3° = Jr, fiy = —8tFS (t+3”
3\2t2 14t +5 2t + 4t +5

Ta tim dwoc max f (t) = 2—35 khi va chi khi t =—7, hay A =—7B.

Tuacla (P): 7x—-y+5z-9=0.
Bai 9.

1. Goi H, K lan luot 1 hinh chiéu cia Alén d va (P). Taco
d(A,(P)) = AH < AK
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Do d6 (P) 1a mit phing di qua K vanhin AK 1am VTPT
Ta tim duoc K —g;—l;E — AK = —E;—E;ﬂ
3° 33

Vay phuong trinh (P) :5x+13y—-4z+21=0.
2. Vi (Q) chtra d nén phuong trinh ctia (Q) c6 dang:

ax+(a-2c)y+cz+a-4c=0

Goi az((P),(Oxy)),ta cO: cosa = ‘C(
\/2a2—4ac+5c2
£ . .. 1 1
Néu c=0=cosa=0.Vd1 c=0 taco: cosa = <=

~ , X a
Nén ¢ nhé nhat @ —=1< a=ctachonc=1=a=1
c

Vay phuong trinh (Q): x—y+z-3=0.
3. Phuong trinh (R) : ax + (a—2c)y + cz+a—4c=0. Goi 2 =(Oy,(R))

a—-2 2 _ 2
Taco: sin g = | C| :\/az 4ac+4c2
J2a2 —4ac+5c2 V2a® —4ac+5c

Né'uCzO:>sinﬂ=i
J2
£ a 2 t> —4t+4
Neéu c = 0, dat t = — va khao sat ham so f(t) = —————— ta tim duoc
c 2t2 —4t+5
1 5 £ a 1
maxf(t)=f|-=|=—=,suyra g lonnhat © —=-=
0-1[-3)- 2y s 2__1

Chon c=-1=a=1.Phuong trinh (R): x+5y-2z+9=0.

Bai 10
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Ta thiy cac diém A,C nam cing phia va A, B nam khac phia so véi (P).
1. Tacé MA+MB > AB va A, B nam khéc phia so voi (P) nén
min(MA + MB) = AB khi va chi khi M = AB ~ (P).
Xx=1-3t
Phuong trinh dudng thang AB: {y=-1+2t (teR).
z=2-2t
TacO M e AB=> M@QL-3t; -1+2t; 2-2t), ma M < (P) nén
2
2(1—3t)—(—1+2t)—(2—2t)+3=0<:>t=§
. 1 2),, ..z A
Vay M| -1, 5; 3 la diém can tim.

2. Taco |MA— MC| < AB va A,C nam cung phia so véi (P) nén
max ([MA - MB|) = AC khi va chi khi M = AC A (P).

Toa d6 diém M thoéa man hé phuong
x-1 y+1 z-2

trinh:y 1 1 -1 =ML -3 4).
2X-y-z+3=0

Vay M (-1, -3; 4) 1a diém can tim.

3. Goi H(x; y; 2) 1a hinh chiéu ctia diém A trén mit phang (P).
Ta tim dugc H (—%; —l; §]

Goi A' ddi ximg voi A qua mat phang (P), suy ra A’(—g; %; %J

Vi A,C ¢ cung phia so vai (P) nén A’,C ¢ khac phia so véi (P).

Tacdé MA +MC = MA’+ MC > A'C nén min(MA + MC) = A'C khi va chi
khi

M = ACn~(P).
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Do Rzl(ll; -1, -7) nén A'C: X2 Y _Z==
3 11 -1

Tir do ta tim duoc toa do didm M [—%; %; %}

4.Goi A' dbixung voi A qua (P) thi A’ (—% % %J

Vi A,B ¢ khac phia so vdi (P) nén A’,B ¢ cung phia so vdi (P).
Taco [MA-MB|=|MA'-MB| < A'B nén max(||v|A— |v|B|) — A'B khiva

chikhi M = A'B n (P).

Do T:——(l ~2:10) nén A'B: . Ay

1
Suy ra toa d6 diém M can tim 13 M( g %; —Ej

Bai 11.
1. Goi ug = (a; b; ¢) 1a VTCP ciia d, trong d6 a2 +b? + ¢ > 0.
VidLlLAnénigi, =0=a-2b+c=0<c=-a+2bh.

Vi d' qua M(0; -1, 1) vach uy = (2 -2 —1).

Taco: | ug,ug | = (2a~3b; a-4b; 2a+ 2b)

Do d6 khoang cach gitta hai duong thang 1a

‘[Ud,,ﬁd].m‘ ~ ‘a+6b‘

[g Uy | J2a—30)2 + (@a—ab)? + (2a + 2)2

) J (a + 6b)2
9a2 —12ab + 29b?

e Néu b=0 thi a=0 nén d(d’;d) =

d(d’, d) =

1
3
do:

ONéub¢Othidétt:%,teR, khi

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cap website: hoc360.net dé tai tai liéu dé thi mién phi

2 2
@, dy= |— 0" _ Fo f -9
9

9t2 ~ 12t + 29 2 _12t+29
Taco f/(t) = 2LFON65=600 ¢y g toptoiS,
(9t? — 124t + 29)? 12
Vi £6) =0 f[ 21217 fim f(t) =L nén max f(t) = =7 khi va chi
12 9  xoiw 9 9

khi t = =3

12
So sanh cac truong hop ta c6 max(d(d’, d)) = 3 khi

b=12;a=13;c=11, hay phuong trinh dudng thang can tim la
X_Y_2Z
13 12 11
2. Tacd AB(=3; 3, 0), BC(O; —3: 3), CA(3; 0; —3) nén
AB = BC = CA = 3\/2.
Tam giac ABC la tam giac déu. Cac diém A, B,C thudc duong tron (C).
Puong tron (C) 1a giao ctia mat cau (S) ¢d tm 1 (1; 1; 2), ban kinh R =3
Vamétphéng (P): x+y+z-7=0.
Tam J cua duong tron (C) la trong tdm tam giac ABC nén J (2; 2; 3).
Bén kinh ctia duong tron (C) 1a r =VRZ — 132 = /6.
Bai toan trg thanh bai toan hinh phang: Xét tam giac déu ABC ndi tiép
duong tron (J, \/g). Tim diém M e (C) sao cho MA + MB + MC dat gia tri
16n nhét.
Gia st M thudc cung BC, khi d6 MA = MB + MC.
Vi vy MA +MB + MC = 2MA < 2.2r = 4/6.
Déu ding thirc co khi M d6i xtmg v6i A qua J, nén M (0; 3; 4).
Twong tu cho truong hop M thudc cung CA, AB ta tim dugc cac diém
tuong ung la M (3; 0;1), M (3; 3; 1).
Vay gia tri 16n nhit cia MA + MB + MC |a 4\/6, dat dugc khi diém M 13
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Bai 12. Goi A(a;0;0),B(0;b;0),C(0;0;c) thi (ABC) c6 phuong trinh la

5+X+E:1.

1. Mit phang can tim X + y + Z_ 1.

] . -6 9 3
2. Mit phang can tim 5x —3y —2z2-38 =0.
3. d(O,(ABC)) < OM. Mit phiang (ABC) c6 phuong trinh
X—-2y+3z-14=0.
4. C6 ba mat phang thoa man
X+y+z2—-6=0, Xx-y+z-2=0, x-y—-z+4=0.

5. Mt phing (ABC) c6 dang 12 + % e
- C

Vi P(2:31) € (ABC) nén = +>+2 134122 ),
-2 b c b c

Vi OB =1+20C nén |b|=1+2|c| (2).

Giai hé phuong trinh (1) va (2) ta c6 cac mit phang thoa mén 1a
L+X+E=1, 1—2—y+4z=1.

-2 3 1 -2 3

Bai13. (P):x-y+z+1=0va A(3;1,1), B(0;1,;2),C(-2;0;1).

1. Vi M(x;1;2)e(P) nén x=-z.Tt MA=MB suyra x—-z+1=0.

Vay toa do diém M cantimla M (—%; 1; %J

2.Goi N(a; b; c) thia—b+c+1=0. Tacé
T=2NA? +NB? +NC? =3(2a” + b? +¢?)-6b -10c +16

1) 5
=6(a+§J +3(b—§j +3(c-1)*+8>8.

Khi d6 diém N ¢6 toa do N(—%;g;l}

Bai 14.
1. Céach 1: Phuong phap hinh hoc.

Theo chimg minh trong phan phwong phap ta c6
Puong thang d di qua A va cach B khoang 16n nhat 1a dudng thing co véc to

chi phuong Uy =[ (e, AB].
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Vine (1 2 D/%(lZ —-3) nén U, =4(-1, 1, 1).

-1 y_ 2
-1 1 1
Puong thang d di qua A va cach B khoang nho nhét 1a duong thang c6 véc to
chi phuong U, =[ﬁ(P),[ﬁ(P), ﬁﬂ
Vi A (L2 1), AB(-1; 2, -3) nén [ﬁ(P), ﬁ] =4(-1;,1;1), do do
uy =12(1; 0; 1).

Phuong trinh dudng thing can tim la

X=1+t
Phuong trinh duong thang can tim1a d: Jy =0  (t e R).
z=t
Céch 2: Phuong phap ham sd.
Goi véc to chi phuong cua dudong thang d 1a Uy =(a; b;c), trong d6
a’ +b*+c*>0.
Vidc(P) nén uy.np =0<a+2b-c=0<c=a+2b.
Vi AB(-1; 2; -3) nén [ Uy, AB|=(-2a~7b; 2a-2b; 2a+b), do do khoang
cach tir B dén duong thang d 14

\[Ud, AB]\ _ |(2a+7b)? + (2a - 2b)* +(2a + b)?
|g| a® +b? + (a+2b)?
~ \/12a2 + 24ab + 54b?
2a” +4ab + 5b?
Néu b=0 thi a=0 nén d(B;d)=+/6.

d(B, d) =

Néu b=0 thldatt—— t e R, khi d6

12t% + 24t +54 12t% + 24t +54
d(B, d) = \/ =Jf(t), f(t)= S ERUTIT R

Tacé: f(t)=6+ —6— 24 p<f(t)<14
2t +4t +5 2(t+1) +3

Hay /6 <d(B; d) <+/14.

Két hop céc truong hop, ta duoc J6 <d(B; d) <+/14.
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Gi4 tri nho nhét cua d(B; d) la \/6, dat dugc khi b=0, chon a=1 thicé c=1
Xx=1+t
nén phuong trinh dudng thang can tim1a d: {y =0 (t e R).
z=t
Gi4 tri 16n nhdt cua d(B;d) 1a V14, dat dugc khi a=-b, chon b=-1 thi
a=1; c=-1 nén phuong trinh dudng thang can tim la:
d:iiizxzi
_1 »1 1 \ 2
2. buong thaing d qua A va song song vGi (Q) tic la d nam trong mat phang
(P):2x—-y—-z-1=0.
Céch 1: Phuong phép hinh hoc tong hop.
Goc gitta d va d’ 16n nhat bang 90°, khi d6 d c6 mot véc to chi phuong la
Uy =[Ug Mg |=(45;3).
x-1 y+1 z-2
4 5 3 ,
Goc gitra d va d’ nho nhat khi d di qua A va song song véi hinh chiéu cua d’
trén mat phang (P).

Mot véc to chi phuong 1a U —[n(Q) [ ' n(Q)ﬂ =2(1, -5; 7).

Phuong trinh duong thang d :

x-1 y+1 z-2
-5 7

Phuong trinh duong thing d :
Céch 2: Phuong phap ham sd.
Goi véc to chi phuong cua dudong thang d 1a U, =(a; b;c), trong d6
a’ +b*+c*>0.
Vi d/I(Q) nén Uy.n o =0<2a-b-c=0<c=2a-h.
Taco U, =(1; —2; 2) nén goc ¢ cua hai dudng thing thoa min

[5a —4b|
3/5a2 —4ab + 2b?

cosg = |cos(Uy; Uy )| =

N3

Néu b=0 thi a=0 nén cosg =~

Néu b0 thi dat t =%,t c R, khi d6

(5— \/_ ()_—)

1
COS(p =— .
?= 3\ 52 _at +2
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2(5t —4)(10t +2)
(5t% — 4t +2)?

1) 25 . 4
maxf(t):f[—gjzg, mmf(t):f(gjzo.

Gia tri nho nhat coa ¢ 12 arccosi, khi tz—l, hay b=-5;a=1;, c=7.
33 5
x-1 y+1 z-2
-5 7

Tacé f'(t)= nén ta tim dugc

Phuong trinh duong thang can tim d :

Gia tri 16n nhat cua ¢ la 90°, khi t:g’ hay b=5; a=4; c=3. Phuong trinh

X-1 y+1 z-2

' 4 5 37

3. Giastr d cat d’ tai diém M thi M(1+2t;2+t; -2-t), t e R.
Véc to chi phuong cia d 12 AM(2t +2; t +2; —1—1).

Véc to chi phuong ctia dudng thang A 1a G, (-1; 2; 2).

dudng thing can tim d :

Goi goc giita duong thing A va duong thang d 1a ¢. Tacd
|-1.(1+2t)+2.(2+1t)+2.(-2—t)|
3.J(2t +2) + (t +2)? + (-1 -1

2t 2
I 2t -2 i
34/6t2+14t+9 3 V6t°+14t+9 3
2

t
Tron dé f t =
g ®) 6t% +14t +9

2t(7t +9)
(6t? +14t +9)*’

cos@ = ‘cos(DA, m)‘ =

Taco f'(t) = do d6 dé dang tim duoc

minf(t)=f(0) =0, maxf(t)=f (_gj _

ul|©o

Vivoi ¢ e {0;%} thi ham s6 y = cos¢ nghich bién, nén

Gia tri 16n nhit cia ¢ 12 g dat duoc khi t =0 = AM(2; 2; —1),

. R X+1 vy z+1
hay duong thang d la d: ——===——.
y g g > ]

A : . 2 .
Gia tri nho nhat ciia ¢ la arccos— dat dugc khi t = —%, suy ra

5
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— 1 B R Xx+1 y z+1
AM ==(—4; 5; 2), hay duong thang d la d: =< = .
= ), hay dudng thang 24 "5- 3
Bai1s. d: X1 _Y*2_Z A1 4:2)B(-1: 2 4)
-1 1 2
1. Hinh chiéu cia A trén d 1a H —3;—1;E :
3" 33

Phuong trinh mit phang can tim (P): 5x +13y —4z+21=0.

2. Goi véc to phap tuyén cua (P) 1a Ny (a; b; ).
o L1

\/a2 +(@a-202+c2 3

Ding thirc ¢6 khi (P): x—y+z-3=0.
3. Goi véc to phép tuyén cia (P) 1a npy(a; b; c).

la-2d § J30

Ja®+(@-20p+c® 6 '
Ding thirc ¢6 khi (P): x +5y —2z+9=0.

Van de 2.
Bai 1
1.Tacéd AB = (-3,-5;,-1), AC =(-1;-1;-3) = [ﬁ EJ = (14,-8,-2)

cos((P), (Oxy)) =

sin((P), Oy) =

Suy ra phuong trinh mat phang (ABC) la: 7x —4y—-z-1=0.
2.Taco

(@) | I(ABC) <

2a+b 3a+2b -1 1 2a+b=7 a=18
= =z - =
7 4 -1 -1 |3a+2b=-4  |b=-29
3. Goi E(x;y;2) 1a diém thoa man 2AE + 4BE — 3CE =0 (*)
Vi 2AE = (2x-4;2y - 6,2z - 2); 4BE =(4x+4;4y +8,42);
~3CE =(-3x+3,-3y + 6,32 - 6)
Suy ra 2AE +4BE — 3CE = (3x + 3;3y + 8,3z - 8)
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ax+3-0 |*=7¢
. 8 8 8
Dodd (*) ©<:3y+8=0< yz—ng —1;—§:§ .
3z-8=0 8
zZ=—
3

. \2 — 2 — 2
Khi do: S=2(EA—EM) +4(EB—EM) —3(EC—EM)
=3E|v|2+2EA2+4E|32—3Ec2+2m(2ﬁ+4ﬁ—3ﬁ)

—3EM?2 + 2EA? + 4EB? - 3EC?

Vi 2EA? + 4EB? - 3EC? khong d6i nén S nho nhét < EM nho nhit
< M 1a hinh chi€u ciia E 1&én mat phang (f).

Goi M(x;y;2), ta co: mz(x+1;y+g;z—%J

Do EM L (P)= EM =kun ( Trongdé n = (3;1;-1) 1a VTPT ctia (8))

Suyra<y=k-—= .

Mat khac
M e (B) = 3(3k-1)+ k-8 | k+8li1-0011k-F -0 k-=2
3 3 3 3

Vay M (1; -2; 2) 1a diém can tim.

4. Goi K (x;y; z) 1a diém théa man 3AK —5BK +7CK =0 (**)

Ma 3AE = (3x-6;3y-9,3z- 3);—5& = (-5x - 5,-5y - 10;-5z);
7CK =(7x-7;7y -14;7z+14)
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18
X:_
>x-18=0 353 18 33 11
Suyra (**) ©<5y-33=0< y:? :K(E;?;—Ej-
57+11=0 o u
5

Khi do P = 5‘@‘ — 5NK , suy ra P nhé nhat < N 14 hinh chiéu ciia K

lén (»)
Tur d6 ta tim dugc N (3; 6; —2) .

Bai 2
1. Goi toa d0 diém M 1a M(x;y; z), tacd AM(x+2;y-3;z-1) va
W:(X—S; y+2,z-7), CW:(X—l; y—8; z+1) nén

MA? = (x+2)% + (y=3)? + (- 1)?

MB? = (x=5) +(y+2)% + (z-7)?

MC? = (x—1)2 + (y - 8)% + (z+1)?
Do d6 ding thite MA? + MB? = MC? tuong duong véi
X+22+(y-3)? +(z-1+(x-5)2 +(y+2)? +(z-7)?

= (x-1)? +(y-8)% + (z+1)?
o X2 +y? + 2% —4x+14y-182+26 =0
Vay tap hop diém M 13 mit cau tam 1(2; —7; 9), ban kinh R =6\/§.
2. Tuong ty cau 1, ta co AB = (7; —5;6) nén
m+ﬁ=(x+9; y—-8; z+5), Wer:(Zx—G; 2y —6; 22— 6)
Nén‘M+ﬁ‘=‘W+m‘
& (X+ 92 +(y-8)2 +(z+5)% = (2x - 6) + (2y - 6)° + (22 — 6)?
& 3x% +3y? +32° —42x -8y -34z-62=0

<:>x2+y2+22—14x—§y—3—42—g=0
3 3 3
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4 17 J935

Vay tap hop diém M 13 mit cau tam | (7; 3 ?J ban kinh R = 3

Bai 3
1. Goi trong tdm cua tam giac ABC la G(1; 2; 2).

Khi d6 GA + GB + GC = 0 nén
2 2 v A Y I VS G
MAZ + MB2 + MC :(MG+GA) +(MG+GB) +(MG+GC)
- 3MG? + GA? + GB? + GC?

Do d6 MA? + MB? + MC? dat gié trj nho nhat khi va chi khi MG nho
nhat, hay M 1a hinh chiéu cua G trén (P).

Ta tim duoc diém M (4; —1; 0) 1a diém can tim.

2. Goi E(a;b;c) 1a diém thoa mén EA+2EB-4EC =0, ta tim duoc toa
do diém

E(7;,-16;-7).

Taco: MA? + 2MB? —4MC? = -MG? + GA? + 2GB? - 4GC?

Nén MAZ + 2MB?2 — 4MC? 16n nhét khi M 12 hinh chiéu cua diém E trén
mat phang (P).

Toa d6 diém M théa man hé phuong trinh:

3 -3 2 =M
3x-3y—-2z-15=0
Bai4 Vidiém M e A nén M(L—t; —2+t; 2t),t € R.

X-7_y+16 _z+7 [25_ 74 QJ

110 11 1

1.Tacd MA(t; 6-t; 2—2t), MB(t—2; 4—t; 4—2t). Nén
T=MA?+MB?=t2+(6-1)°+(2-2t)2 + (t-2)° + (4 —1)% + (4 - 2t)?
=12t2 - 48t +76 = 12(t - 2)°> + 28 > 28 Vt e R.
Hay gi4 tri nho nhat ciia T = 28 khi t = 2, hay M (-1; O; 4).

Vay M(-1, 0; 4) 1a diém can tim
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2. Ta co
OM =(1-t;—2+t; 2t),AM =(-t; t—-6; 2t — 2), BM =(2-t; t —4; 2t — 4).

Do d6 w = 30M +2AM —4BM =(-5-t t-2 2t +12).

Nén ta c6 ‘\7\/‘ —J(5-1)2 +(t-2)% + (2t +12)2 = 612 + 54t + 173

2
o8 B

2
NS | » V638 .
Vay gié tri nho nhat cuia ‘3OM +2AM -4BM ‘ la > dat dugc khi

M §;—Z;—?,.
2 2

3.Tacd AM(=t; t—6; 2t —2), AB(-2 —2; 2) nén
[m, ﬁ] — (6t —16; 4 — 2t; 4t —12).

Vi thé dién tich tam gidc MAB la

1 —_—

1
Syag = E‘[AM , AB] - E\/(6t ~16)% + (4 - 2t)% + (4t — 12)2

Bai 5 AB(-5;3; —8),BC(7;0;2),CA(-2;—3:6).
1. Ta c6 AB.AC=47,BCBA =51,CACB =2 déu duong, nén tam tam giac
ABC la tam gidc nhon.
2. Tu M(t;t;t) = MA(B-t;—-2—-t;5-1t) nén
Ui=MA +2BC=(24-t;-2-t;11~1)

= (24 - )2 +(2+1)* + (11~ 1)? = |/3(t ~11)? +338
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Gia trj nho nhit cua \W +3ETC’\ 1a 13v2 khi M(11;11;11).

3. Taco f(t)=2MA? + MB? —4MC? = -3t? + 24t —18.

Hay f(t)=30-3(t —4)> <30 VteR.

Nén gia trj 16n nhat cua f(t) 1a 30, khi M (4; 4; 4).
Bai 6.
1. Toa d9 cua trong tam tam giac ABC la G(2;4;3).
Goi H 12 hinh chiéu cua G trén mit phang (P), khi d6 GH =t.Ap,
hay GH = (t;t;t) = H(2+t; 4 +t; 3+1).
Mit khac, diém H thudc mat phang (P) nén

2+t)+(4+1t)+(3+1)-3=0<=3t+6=0=>t =-2.

Viy toa d6 hinh chiéu ciia G trén mit phang (P) la H(0;2;1).
2. Piém G' d6i xing voi G qua mit phang (P) khi va chi khi H 14 trung diém
cua GG', nén

Xg + Xg =2Xy Xg =2Xy, —Xg Xg =—2
Yo Yo =2¥y ©Ye =2Yy Y6 = 1Y =0 =G'(-2,0;-1).
Zg +2g5 =22, Zg =22, —Zg zg =-1

Viy toa do diém G’ 1a G'(-2;0;-1).

3. Vi G la trong tm tam giac ABC nén GA +GB + GC = 0.
Tacé MA2 =MA’ =(MG + GA)? = MG? + 2MG.GA + GAZ.
Tuong tw MB? = MG? + 2MG.GB + GB?, MC? = MG? + 2MG.GC + GC?.
Do d6 T =3MG? + 2MG(GA + GB + GC) + GA? + GB? + GC?
=3MG? + GA? + GB? + GC2.

Vi ’thé, biéu thic T dat gié tri nhc:) nhat khi va chi kbi MG nho
nhat, hay qM la hil:lh chiéu cta diém G trén mat phang ABC.
Toa ddo diém M cantimla M =H(0;2;1).

Bai7. Vidiém M €A nén M(-1+t;1-2t; 2t),t e R.

1. Tacé MA(2—t; 2t —1;-1—-2t) va

MB(L—t; 1+2t; 3—2t), MC(-t; —2t; 1-2t)
=T=MA?+2MB? -4MC?

2
=-0t> -8t +24=— 3t+i +@2E vt e R.
3 9 9
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Gia tri nho nhat cua T—& khi t——— hay M —E E, 8 .
9 3 9' 9 9
Vaydlem M can timla M —g, E,—g .
9 9 9

2.Taco BC(-1; —1; —2) nén AM +BC=(t —-3; —2t; 2t —1).
Vi vay |AM +BC| = J(t —3)2 +(=2t)% + (2t —1)?

=4/9t?2 10t +1 —,/ 3t—— 6— vt e R.

Do d6 gia tri nho nhat cta ‘AM + BC‘ la T dat duoc khi diém

M c6toadd M —i, —EE

9" 9' 9
Bai 8.
1. A, qua A(1; 0; —2) va véc to chi phuong UAm (2,1-m; m).
Tac OA(L; 0; -2) nén| OA, U, |=(2-2m; —4-m;1-m).
Khoang cach tir gbc toa do dén A, la
[oA. 4y, ]

‘uAm‘

Gié tri 16n nhat ciia d(O, A,,) bang /5 khi m =1.

d(O. An)= om?—2m+5

/ \/sz —2m+21
Gia tri nho nhét ciia d(O, A,,) bing g khi m = 4.
2. Goc giita duong thang A, va mit phang (yOz) la
m_
2m? -2m +5

SiN(Ay,, (x0y)) =[cos(l, , fioy))| =

N3

Gia tri 16n nhét can tim 14 arcsin 3 khi m =5.
3. Oy qua O vaco Ug,(0;1;0).
m+4
Taco [uoy,” J (m; 0; —2). Vithé d(Oy, A )_us\/g.

Jm? +4

Khoang cach giita A, va truc Oy 16n nhat bang J5 khi m=1.
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