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HUONG DAN GIAL

Bail

1. (Ban doc tu v& hinh)

TacO ASAB = ASAC = AB = AC. Dbat AB = AC = x.
Ap dung dinh li c6sin trong tam giac ABC ta ¢6 :

BC? = AB? + AC2 —2AB.AC.c0s120° < a2 = x? + x2 —2.x.x. (— %)

a
S X=—
V3
2
Mat khic: S,gc = = ~ AB.AC.sin BAC BEL W WIS I )
2\/5 V3 24

1 1 a2\/ a3 J2
=V ==SA.S .
3 ABC ~ 3724 3 72

2. . (Ban doc tu v€ hinh)
Goi H 1a trung diém cia AC thi SH L AC = SH L (ABC). bat

SH =h

2 2
Taco SC2 = HSZ+HC2=h2+aT, SB2 = HS2 1 HB2 = h2 4+ 32

Ma Sc? = BS? + BC? — 2BS.BC cos60°

2 f
:>h2+a—=h2+3i+a —2a,/h? + 3a 1 < h= a\/g
4 4 4 2 2

25 _ 23 _ a2
p a3 3 a 2

4 8
3.Ké HK L AD = SKH = ((SAD), (ABCD)) = 60°
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Tacé: HK = ~cD = 2 s
4 1

a3

— SH :HKtan6OO:T,

2

Sagcp = @
v RS = ﬁ
SABCD 3 ABCD 12

Do AB //(SCD)
= d(AB,SC) = d(A, (SCD))

4
:gd(H,(SCD))

w

V& HF L CD,HE L SF = HE =d(H,(SCD)), HF =ZAD=§a

1 1 1 64 3a
= + = = HE =—.
HEZ HS? HF?2 0932 4

Trong tam gidc SHF ta co:

4. (Ban doc tu v& hinh) 9
Tacd SO = (SAC) " (SBD). Do hai mdt phang (SAC) va (SBD) cung
vuéng goc v6i mat phang (ABCD) nén suy ra SO L (ABCD).

Ké OE 1 AB,OK L SE = OK = d(O,(SAB)):aT\/g
vi_l 1.1 _4_ 1 _ 1 1 _4_,5_a
OE2 0A2 O0B?2 3a2 s0? OK?2 OEZ a2 2
3
1 2 A a3

5. (Ban d(_)c‘ tu vé hinh) )

Goi H, K lan luot 1a hinh chiéu cua A .

Tach: BC L (SAB) = AK L (SBC) = AK L SB = SB L (AHK)
Do d6 AHK =((SAB),(SBC)) = 60°.

5 &

Trong tam giac vubng AKH ta cé: % =sin60° = B3 = AK = B3 AH
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Suyra
1=4®1+1:ﬂ[1+1]31=£3%=a\/§
AK2 3AH?2 sA? Ac? 3(sa? aB? SAZ a2 2

2
BC =VABZ - AC? =a\3 = S ,pc = %CA.CB -2 f
36
A a’v6
Vay Vs agc = 1

6. Goi H 1a hinh chiéu cia S Ién BC; E, F 14n luot 1 hinh
chiéu cuia H 1én AB, AC suy ra
SH 1 (ABC) va HE = HF nén AH

la phan giac cua goc BAC

.. AB BC BH AB
Ta co: = =1+ =1+
HF HC CH AC
= HF :ﬁ:@
AB+AC 3

2a\/§

Suyra SH = HF.tan 60° ==

1 2
Swsc = AB-AC = a

3
Vay Vg agc = #-

7. ( Ban doc tw vé hinh )

Taco BA =BC nén tam giac ABC vudng can tai B.
Vi BC L BA,BC LAS nén

BC L (SAB)=BC L AB/,

AB’' 1 SB = AB’ 1 (SBC)= AB' L SC.

B'C' L SC= SC L (AB'C).

Thé tich khéi chop SABC I

V= %SC'.SAB,C, = %sc'.AB'.B'C'.

Tacod: SC=+/SA% +AC2 =+/SA2 +BC2 +BA2 =a+/3.
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2
Tam gidc SAC vuéng tai A, duomg cao AC’ nén SC' = o — &
scC 3
Tam gidc SAB vudng can tai A nén AB' =SB’ = %SB - ¥

2 _a\/g
=

Suyra B'C'2 =SB"2 —~SC"? = % —B'C’
3
Vay thé tich can tim 1a V _lscamme=i a\/§.a 2 .a\/é _a
6 63 2 6 36

8. Vi hinh chiéu cia S lén mat phang (ABC) la diém A nén o =SBA. Mit
khéc, SA L BC, AD LBC (tam giac ABC cantai A )nén BC L (SAD) do d6
B =BSD. S
Tur cac tam giac vuong SAB,SDB
taco AB =SB.cosa,BD =SB.sinp.
Ma AB? = AD? + DB? nén
SB2.cos? o = SB?.sin? B + a’

a

Jeos? o —sin?p

=SB =

asinp asina

,SA =SB.sina = .
Joos? o —sin?p Jeos?a—sin?p B

Thé tich khdi chop 1a: V = %SA.SABC = %SA.AD.BC,

Do dé BD =

hayV = SA.AD.BD = a’sin asinp
3 3(cos® a. —sin® B)
9. Goi H 14 hinh chiéu cia S 1én mit phing (ABC), ta
tao véi day cac goc SAH,SBH, SCH nén cac tam gia
bang nhau nén HA =HB =HC, hay H 1a tim duddg tr
ABC.
Goi M 1a trung diém cua BC thi H € AM.
Theo dinh Iy ham s sin cho tam giac ABC ¢

BC _JR-_2HA = HA- = SH HA.tanp = 4.

9 SA,SB,SC lan luot
H, ABH, SCH

nfoai tiép tam giac

o

SINA Sina / sna '
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C
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a a

Mat khac, tam giac ABC cantai A nén AB =BM.cot 5 = E.Cot , do d6 dién

a

2
2

tich day 1 Syqc = %AM BC= %.cot %

a’tanp

. ‘. . 1
The tich ctia khoi chop cantimla V ==SH.S g = .
3 48sin? %

10. Tac6: MN //AD; BC L SA va BC L AB = BC L (SAB)
= BC 1L BM = BCMN la hinh
thang vudng tai B va M .

SA = ABtan 60° :a\/§,

MN _SM 2 _ . 4a
AD SA 3 3

BM = VAB2 + AM?2 =2—f
3

Dién tich hinh thang BCMN :

2
S_ BC + MN BM :10a
2 3\/5

Ha SH L BM = SH L (BCMN) = SH la duong cao cua khéi chop

S.BCMN .
Do AMHS ~ AMAB nén suy ra:

B

MH.MB = MS.MA = MH :MS'MA:aﬁ
MB 3
. BH =BM +MH = a3 = SH =SB2 - BH2 = \4a? 322 = a
2 3
Vay Vg geyn = = S.SH = +.102 aolovEa’
- 3 3 33 27
Bai 2

AB+BC+CA_
> =

1. Goi p la ntra chu vi tam giac ABC: p = 9a

Nén dién tich tam gidc ABC la:
Suasc = VPP — AB)(p — BC)(p — AC) = v/9a.4a.3a.2a = 6a2/6
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K¢ duong cao AK cua tam giac
ABC va dudong cao AH cua tam
gidc SAK

Tacd: AH L (SBC)

Za\/g

= AH = d(A,(SBC)) = =

2S
AK = —TAABC _ 24./6
BC \/—

Trong tam giac vuong SAK ,
1 1
= +
AH? SA? AK?

ta co:

B

1:1_1:9_1:138A:a\/§
SA? AH?2 AK? 24a®? 24a® 3a°
Vay Vg apcp = %.a\/§.6a2\/3 = 6a°V2.
2. Goi O 1a tam cua ddy, | 1a trung diém BC
a) Taco BC L (SI0) = SIO =((SBC), (ABC)) = 60°

=

IO=1AI =

av3
3 6

— SO = IOtan600=g,

a%\3

S L
AABC 2

b) Goi E, F, P lan luot 14 trung diém caa AB, BS, SM , ta co:
(SA,BM) =(EF,PF)= EF L FP.Djt AB = x
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2 2 2 2 2
Tact: EF —a BM2 - ABS?+BC?)-SC? x®+2a® _ BM
4 2 2
2| 3¢ | saz - ag?|-sc?
ey 2 - 2AEC? + ES?) -sC? _ _4a% 4 x?
4 4 4
ep2 _ ASE> +EM?) -SM? _ 9a®
4 16

Tam gid&c EFP vudng tai F nén
EP2 = EF2+FP2 o x2=8a% o x=2a2

2
AO =2 Al = SA2 _ AO? = _8a® _2a3
3 3 3
A 1 2a\/§ x2\/§ 4a3
Vay Vgape = ESO'SAABC “ 79 a2 3

3. V& ME / /SA = ME L (ABCD), do d6 DM L BN < DE L BN .
Pat AN = xAD

1

DE = DA+AE——E+3E

BN = —AB + AN = —AB + XAD

BN L DE @(3ﬁ—ﬁ)(ﬁ—xﬁ) 0

< —3xAD? — AB2 +(3+ X)AB.AD =0
Ta c6 tam giac ABD déu nén:

ﬁ.ﬁ — AB.AD.cos BAD = a.a.cos60° = £

2 a%(3+x) 2 2 2a

Néntacd: 3xa?-a2+2 "% _ g x=S=AN=2AD=22
2 5 5

2
Taco: ME = 2sa = 2233 Suagy = = AB.AN .sin60° = 23
3 3 2 10

3a2\/§

Suy ra Sygnp = Saasc ~ SpaaBn = o0

1 _12a/3 3a%y3 _a°

Vay V, =—-ME.S = . .
ay VepMmN 3 ABND ~ 37 3 50 10
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4.Goi | la hinh chiéu vudng géc cua S trén (ABCD), twong ty nhu vi du
trén ta cling ¢6 | 1a tim duong tron noi tiép hinh thang ABCD.

Vi tir giac ABCD ngoai tiép
nén

AB +DC=AD+BC =>5a
Dién tich hinh thang ABCD

As== (AB+ DC)AD
2

= 1 5a.2a = 5a2
2

Goi p lantrachuviva r la
ban kinh dudng tron noi tiép

cta hinh thang
ABCD thi IC):AB+DC+AD+BC:10:;1:5&’
2 2
2
S:pr:>r=§=5i:a:>IK =r=a.
p b5a

Tam giac SAD déu va c6 canh 2a nén
SK =aJ3 =Sl =\SK2-1K2 = a2

Vay V :%SI.SABCD ~la2.5a2 - 5\/_""

5. Tacd M:i=% nén hai tam giac ABM va BCA dong dang
AB .2 BC S
= ABM =BCA

= ABM +BAC =BCA + BAC =90°

= AIB=90°= MB L AC
Mat khac, SA vudng goc véi day nén
SA 1 BM, do d6 BM L (SAC) suy ra
(SBM) L (SAC).
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Vi N la trung diém cua SC, nén goi
H la trung diém caa AC thi NH Ia
dudng trung binh cta tam giac SAC.

Tacé NH =S7A=g, NH /SA nén NH L (ABCD).

Thé tich khdi chdp ABIN 14 Vg :%NH.SAB,.
Trong tam gidc AMB ta cé 12= 12+ 12:>Alzﬂ va
AlZ  AB? AM 3
2

BI:\/ABz—AI2:¥:>SAB|:%IA.IB:aé/E.

. . 1 a a?2 a2
Vay thé tich khéi chop ABIN 1a Vyug == —. = .

ay P NAIB T35 T 36

6. Hinh chiéu cia SC 1én mit day

la AC nén SCA =45°. Mit khac
CB L (SAB) nén CSB =30°

Tam giac vuéng SBC c6 CSB = 30°
nén BC = %SC.

Tam giac vuéng SAC c6 SAC =45°

2

nén SA =AC-= 7280.

Tir tam giac vuéng ABD ta c6 BA® + BC* = AC® nén SC=2a, suyra BC=a
va SA =av/2.

3
Thé tich ciia khdi chop SABCD 1a V = 2 f

7. D& dang tinh dugc AN =DM =a+/2,

ma AD =2a néntam giac AND vudng tai N.
Theo dinh li ba dwuong vudéng goc thi
DN 1L MN, suyra

tanDMN =m=£

MN 3
Ta dugc MN =a\/6 nén tr tam giac vuodng
AMN thi AM =2a—=SA =4a.

F
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Goi F=AB nDN thi B la trung
diém AF =E la trong tdim tam
giac SAF nén

1 4
d(E,(ABC)) ZESA :ga

Vu.arp :gMA'SADF :§a31VE.BFN :gd(El(ABC))'SBFN 2533

Thé tich khéi da dién ADM.BNE 12 V.o snve = Vi aro — Ve sen :%as'

X 3 s B 8 5
Ma VS.ABND =2a’, nén VS.DMEN _VS.ABND _VADM.BNE —§a .

8.a) Tinh Vg spgcp.

Goi O la giao diém cia AC va BD,
theo tinh chat ctia hinh chop déu ta co
SOL(ABCD) .

Trong tam giac vuéng SOC,

2
SO% =sC? - 0C? =a2—(&J _a
2
2

Thé tich ciia khbi chép S.ABCD .

12&1\/_ \/_

V= S SO =

so_a

Tinh dién tich toan phan cua hinh chép S.ABCD: Sy, = 4Sgp + Sapcp

Vi tam gidc SBC ¢6 cac canh déu bang a nén 1a tam giac déu suy ra

a\3

SSBCZT :>Stp=a2 3+a2=a2(\/§+1).

Tinh dién tich hai mit chéo SAC va SBD.
Hai mat chéo SAC va SBD bang nhau:

1 1 2
SSAC = EACSO = Ea\/EaT 27.
b) . Tinh d(A,(SCD)).

a’\2

7 4 1 —
Cach 1. Taco Vg ocp =EVS' ABCD =

10
1Z
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Mit khic Vg, cp = %SSCD.d(A,(SCD))

a’2
_Veacn__4__ae
=d(A,(SCD))= S TR 6
2

Céch 2..Goi I 1a trung diém cua CD, dung OH L SI (H 5 SI) ,taco

CD 10Ol
{CD 150
{OH L SI

= CD 1 (SOI)= CD L OH.

= OH 1 (SCD) = OH =d(O,(SCD))
OH 1 CD

a\/E a
2 2 a6

SOOI

Trong tam gi&c vuéng SOI, OH.SI =SO.0I = OH =

SI &_6'
2

d(A,(sCD)) ca
d(0,(scp))  CO

a6

=d(A,(SCD))=2d(O,(SCD))=20H = =

AON(SCD)={C}=

9.a) .Tinh Vg zpcp.

Goi O 1a giao diém cia AC va BD,

tacod SO L(ABCD).

= hinh chiéu vudng goc ctia SC

1én m3t phang (ABCD) la

oC =

(SC,(ABCD))=(SC,0C)=SCO =60".

Trong tam giac vudng SOC,

a2 o al6
2 2

a’\J6
P

1
= Vs ABCD = ESABCD SO=—-—

SO =0Ctan60° =

b) .Tinh dién tich thiét dién . 9
Goi I 14 trung diém ctia canh SC, K 1a giao diém cua Al va SO.
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Qua O dyng dudng thiang song song voi BD, cit cac canh SB,SD lan luot tai
E,F.N6i AE,AF .

Tam giac cn SAC c6 SCA =60° nén la tam giac déu , suyra AF 1 SC.

BDLAC:BDJ_(SAC):>BDJ_SC:>EFJ_SC (do EF // BD).
BD 1 SO
{EF e (AEIF) L SC = (AEIF)=(P).

AT LSC
= Thiét di¢n cua (P) va hinh chép S.ABCD la ti gidc AEIF .

EF / BD 1

= EF 1 (SAC)=EF L AI= S,y =~ ALEF

BD L (SAC) 2

Al— ACy3 _ V243 _ a6
2 2 2

Trong tam gidc SAC, K 1a giao diém cia hai dudng trung tuyén SO va Al nén
K Ia trong tam ciia tam giéc nay

EF_SK_2_| \/E C12a\2 a\/_ \/_

BD SO 3 73 2 2 3 2 3
10. a) Piéu kién cua h dé C’ thudc canh SC.

(P)LSC=AC'LSC, C’ la
chan duong cao cia tam giac
SAC, suy ra C’ thudc canh SC
khi va chi khi ASC 1a goc nhon.
Goi O Ia tam cda hinh vuéng
ABCD, tac6 O latrung diém
cia AC, SO=h vatam giac
SAC cantai S, suyra

0OSC = %ASC

do d6 ASC Ia goc nhon

oC & a2

@OSC<450©tanOSC—%<1 hay —=— <1c>h>—

b) Tinh V5 Apcpy -
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Trong tam gi&c vudéng SOC,

2
SC2 =802 +OC2 = {aJ_J h2+?:>SC_1/h2+?

BD L AC
{BD o = BDL(SAC)=BD 1 SC=BD /(P) (do (P) LsC)

BD < (SBD) 5D’/ BD
(P)//BD,(P)m(SBD):B'D':> /
=B'D' L(SAC)=B'D' LAC' =S,5cp =%AC'.B‘D' :

Trong tam gidc SAC: 2S5, = AC'.SC=S0.AC

_ ac_SOAC _ h.av2 _ 2ah
SC \/hz N ﬁ \/2h2 a2
2

5 2
Trong tam gi4c vuéng SAC’, SC'?2 =SA2 —~AC"”? =h? + %—[ﬂJ

\ 2h? +a’

2h%+a?  4a’h® (2h2 -a’ )2 , 2h?% —a?
T2 _2h2+a2:2(2h2+a2):>SC ) 2(2h2+a2)'

Goi {K} =B'D'nAC', khi d6 S,K,O 1a ba diém chung ctia hai mat phéng (SAC)
va (SBD) nén chung thing hang.
B'D' _SK _ BD.SK

Trong tam gidc SBD,B’'D’ / BD = —— =B'D'=
BD SO SO

Hai tam giéc vudng SKC’ va SOC c6 goc nhon S chung nén ching dong dang
Suy ra

2h? — a2 2h? +a2

2, 2\ 2
SK _SC_ o _SC'SC_ 2(2n* +a?) 2h2-a?
SC' S0 SO h 2h
2h2_ 2
a2 50 a2 (n? -a?)
=B'D'= zh .
h 2h?
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1 oan w27 -a?) at2(on-a?)

Suy ra SABvaDv = . .
2 2h? + 2> 2h’ 2h/2h? +a?
Suy ra thé tich khdi chop S.AB'C'D’.
2 22

1 ' 1a \/E(Zh —a ) 2h2_a2 1
V:_SAB'CID'.SC - . = .

3 3 2hy2h? +a? \/2(2}12 +a?) ©
¢) Chuang minh tam gidac B'C'D” cogoctu.
Vi O la trung diém ctia BD nén K la trung diém cua B'D’ .
Mat khac B'D” L AC’ = Tam giac B'C’'D’ cantai C’.

a’ (2h2 —a? )2

h(2h2 +a2) '

Hai tam giac SC’K va SOC dong dang suy ra K& _SK
oC sC
BD JBD= 2 5K
OD SO

Vi OD=0C,SC>SO nén KC’ <KD’ :tanKD'C'z%<1:KD'C'<450.

Tam giac B'C’D’ cantai C’, B'D'C'<45° = B'C'D'>90° = B'C'D' la goc tu.

Bai 3
1. Goi O latam cua day, tac6 SO L (ABCD) suyra:

1
Vs aBcp = 3 SO.Spgcp -
a) Goi M 1a trung diém CD , taco: CD L (SMO)

Do d6 goc SMO la goc gitra mat

bén véi mit ddy, nén SMO = 60°
bat AB =2x = MO = x,

OC = x\2
Trong cac tam giac vubng
SOC, SOM ta co:

S0? = sC? - 0C? = 5a2 — 2x?:
SO = OM.tan 60° = x+/3

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cap website: hoc360.net dé tai tai liéu dé thi mién phi

Nén ta c6 phuong trinh : 5a2 —2x° =3x°> => x=a

A 4 3 443
Vay Vg agep = x\/_ (2x) x3 = 3 al.

b) Goi K 14 hinh chiéu ctia O 1én AM, ta c6 OK L (SCD) nén OSK Ia

goc gitra duong cao SO véi mat bén nén OSK = 45°. Goi N 1a trung diém
AB.
AB / /(SCD) = d(AB, SC) = d(AB,(SCD)) =d(N,(SCD)) = NH =2a

Trong d6 HN / /OK = OK :%NH =a

Céc tam gidc SKO, SOM |a céc tam giac vubng can nén ta co

SO =0OK+2 = a2, OM = SO = a2
3
Vay Vg agcp = a\/_(Za\/_) 5 \/_

2. (Ban doc tw vé hgnh)
a) Goi M Ia trung diém CD.
SM 1CD,SH 1L CD=CD 1L (SHM)= a=SHM = SH =xtan o,HM =x
Tam giac HCD vudng cén tai H
= CD =2x,HC =HD =/2x.
Xét tam gidc wvubng SHC ta co
SC? =SH? + HC? nén

b . ‘.
o b?=x*tan®o+2x* =>X=——————. Thé tich cua khdi chop

J2+tan®a
1

3
V =§SH.SABCD =%xtan a.(2x)? :gx3 tana, hay V :g b”tana

(2+tan?a)
b) Dién tich day cua khdi chép Sppep =a°.
Goi | 1a trung diém ctia SH, ha IK 1. SM thi IK 1 (SCD)= IK =k.
Pit SH =h. Tam gi4c SIK vatam gidc SMH ddng dang nén St :i,
SM HM
h a a’ 2ak
Do dotaco: SELHM =IK.SM < —. ==k, [h? + = =h=—©——r.
2 2 4 Ja? —16k?
2a°k

Thé tich khdi chop 12 V = ———eee.
322 _16K2
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3. (Ban doc tu vévhinh) )
Goi E latrung diém cia BC va F la hinh chiéu vudng goc cua E 1én SA thi

aJ_
Goi O 1a trong tim ctia tam gidc ABC . Hai tam giac vudng SOA va EFA dong

dang, suy ra
a3 a\/z a\/g

SO _OA —S0- OAEF 3 " 2 6 _a\/g

EF FA FA \/AEZ—EFZ \/{a\@}z [aﬁT 3

2 2

EF la doan vuong goc chung cia SA va BC= EF = d(BC SA)

1a23a\/_ \/5

3" 4 3 12

= Vg aBC = SABC SO =

4. (Ban doc tu’ vé hinh )
a) Tam giac SCD vuédng tai S=SP L CD, ma MN / CD = SP L MN.
b) Goi E la trung diém cta AB,tac6 SE L AB.
2 2
Trong tam gidc vudng SEA , SE2 =SA2 — EA2 = 232 —az = % —SE= # .
MN la duong trung binh trong tam giac SAB

:>MN=%AB=% , <;1(A,1\/ﬂ\1)=—51~:_i
1 _laal7 _aiV7

Dyng OH L SE thi OH L (SAB) (do OH L SE,OH L AB) = OH=d(O,(SAB))

2
2
Trong tam giac vudng SOA , SO? =SA% —OA? =2a° —{#J _3

>
Trong tam giac vudéng SOE, ! 5= 12 + 12 :iz+iz:1_42
OH® SO“ OE° 3a° a“° 3a
J_4 14

d(P,(SAB)) _EP
d(0,(sAB)) EO
Thé tich khéi t dién AMNP ;

2 B a'\G
LR

V=15, ...d(P.(SAB))= 1.2 .
3 07 R 773 16 48

=2=d(P,(SAB))=2d(O,(SAB))=

av42
—.
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5. a) Xac dinh cac goéc a , p.
{SA =(SAB)n(SAC)

(SAB) L(ABC), (SAC) L (ABC)
= hcSB/(ppc) = AB = (SB,(ABC)) =(SB, AB) =SBA = a.
Tam gidc ABC cantai A ¢6 AD la trung tuyén = BD L AD.

= SA L(ABC).

BD L AD
{ = BD L (SAD)

BD L SA
= heSB/(g,p) = SD = (SB,(SAD)) =(SB,SD) = BSD = p.
b) Chirng minh s

SB? =SA? + AD? + BD?.

Trong tam gidc vudng SAB,

SB? =SA? + AB?.

Trong tam giac vubng ADB,

AB? = AD? + BD? .

Suy ra SB> =SA% + AD? + BD? (¥).

c) V= %s Apc-SA = %AD.BC.SA

Trong tam giac vudng

SAB,SA =SBsino
Trong tam gi&c vuéng SDB (vuongtai D), BD =SBsinf.
Thay SA,BD vao (*) ta dugc
SB? =SB? sin? o + a2 + SB? sin? = SB? (1 —sin? o —sin? [3) =a®

a2

2

— SB? (cos2 o —sin? [3) =a’?=SB%= 5
cos” a—sin”

a2

=>V= 1 a.25BsinB.SBsina = 1a.SB2 sina.sinf= 1a. — 5 sin a..sin p.
6 3 cos” o —sin” B3

a’sino.sin B

3(cos2 o —sin? B) '

b 1+cos20 1-cos2B 1

.2
a—sin“ = —(cos2a + cos2

Laico cos
2 2

=C

0S 20c:2B cos 2“:2B =Cos(0c+[3)cos(oc—[3).

P -
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Vo a’sin o.sinf _ a’ sinasinf3 . (dpem).
3(cosza—sin2 B) 3cos(oc+B)cos(oc—B)
2

a

, : 2 _
6.a) Ching minh SC* = Y
cos” o.—sin“ f3
Hinh chiéu vudng goc ciia

SC lén (ABCD) la AC nén
(SC,(ABCD))=SCA =0

BC LSA
= BC 1 (SAB)=
BC L AB

hinh chiéu vuéng goc cia
SC lén (SAB) la SB

=(SC,(SAB))=BSC=8.
Xét tam giac vudng

2
SAC,cosa = A—C = cos® o :£.
5 SC?
2
Xét tam giéc vudng SBC (vudng tai B), sinp = BC . sin? B= B
SC 5C2

AC>-BC? AB®>  a?
sC? sC?  sc?

2

Suy ra cos? o.—sin?p =

a2

cos? o —sin? B

—=SC? = . (dpem).
b) VSABCD

VsABCD = %s ABCDSA = %AB.BC.SA = %a.SC sinB.SCsin o= %aZSCz sinasinf

1 a’ sino.sinf

3 cos? oc—sinZB.
7.a).Tinh Sq cta hinh chop .
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SA =(SAB)(SAD)
(SAB) L(ABCD) = SA 1(ABCD)
(SAD) L (ABCD)
Goi E,F lan luot 13 hinh chiéu vudng goc cia A l1én BC,CD, ta co

BC L AE
{ = BC L (SAE)=BC LSE.

BC LSA
BC =(SBC)n(ABCD)

AE c (ABCD), AE 1 BC = ((SBC),(ABCD)) = (SE, AE)=SEA =B
SE = (SBC), SE 1 BC

Tuong tu ((SCD),(ABCD))=SFA =.

Trong hai tam giac vubng SAE,SAF ,SE =SF = SA = .a .
sinf sinf
AE = AF =SA cotp =acotf.
AE  acotf

Trong tam giac vubng AEB, AB = —.
sin ABE sIna
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2 2 2
Tacd S pcp =AB.AD.sino = AB?sino = [a‘cot[}j sing =2 P (_:Ot B.
sino sino
1 1 a®cot B
S =S =—SA.AB=—-. ,
SAD SAB 2 2" sina
1 1 a a’ cotp

S =S¢p~ =—BCSE =—. = .
SCD T TSBC Ty 2 sinp  2sino.sinP
Suy ta dién tich xung quanh cta hinh chép S.ABCD.

2
B _a“cotf 1
5xq _2(SSBC +SSAB)_ sina [1+ sinB]

b). Tinh Ve xpcp -

1 a° cot? B
\Y ==5 SA=———".
S.ABCD ~ 3 ABCD 3sina
. cotf.sin @
c¢). Chung té rang : singp = 2__
sin? o + cot? B

Goi {O} = AC/7BD thi theo tinh chat ciia hinh thoi, BD L AC, O la trung diém
cua AC va BD.

Taco {BD +AC _Bp (SAC)=(SBD) L (SAC)
BD L SA

(SBD)(SAC)=SO
(SBD) L(SAC) = heSB/(5,c) =SO=>(SB,(SAC))=(SB,S0) =BSO=¢.
SB < (SBD)

Trong tam giac vuéng SOB ,sing = % *).

OA la dudng phan gidc ciia DAB = OAB = %

acotp

acot .o
B.sm—: .

Trong tam giac vuéng AOB , OB = ABsin — = 2
2  sina 2cosg

Trong tam giac vuéng SAB,

2
SB2 =SA? + AB? =a’ +(aCOtB] — a2 (1+ COtZBJ

sin o sinz o
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2 sino

2

cot a .

=SB=a | 1+ B = sm20L+cotZB.
sin” a

acotp

2cos cotp. sin &
T (*) = sing = 2 = 2
a

. .2 2n
sino+cot?p  ysin”a+cot”p

sina

Bai 4 Goi M,N lan luot 14 trung diém cua BC,BA. H = AM NCN.

1. Dién tich déy ciia khdi chép SABC 14 Sppc = %a.a. sin60° =

a3

Vi H cling la trong tdm cua tam giac ABC nén HA = gAM =—.

3
2
Do dé SH2=SA2—AH2:b2_%:h_L34/ 2

2 —_—
Thé tich ciia khéi chép la V = %SH P “3;’2"".
a?\3
=
Vi SH L BC,AM L BC nén BC L(SAM), do

d6 goc gitta mat (SBC) va mat day la goc gitra
hai duong thang MA,MS. Do SHM =90° nén
a=(MA,MS)=SMA.

2. Dlén tich déy SABC =

Taco HM = Lam =33
3 6
nén SH =HM.tana=¥tana
3 e 1 e 1 a’tana
Theé tich khoi chop la V = ———.
8
3. bat AB =x. Xét tam giac vudng SAN taco SN :AN.oot%:%.cotg.

Trong tam giac vudng SHN : SN? =SH? + HN?, nén
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2
2
X t2%=h2+[x 3J e 24/3.h

- S L
3cot?P -1
\ 2
2 2
Dién tich ddy Spge = = B3 _ 33N
4 300t2B 1
2
3
Thé tich khdi chop 1a V = 1sH Spsc = ‘/g—h
B 300tzg—l

4. Vi hinh chiéu cia S 1én mit ddy 1a H nén goc giita canh bén va mat day 1a
¢ = SAH. Trung doan cua hinh chép la SM =d. bat SH =h.
Tacd AH =SH.cot o =h.cot o =>HM =%AH =%h.cot(p.
Tam giac SHM vuéng tai H nén SM? =SH? + HM?, hay

1 2d
h?+=h%cot’ p=d* > h = ———-—.
4 \/4+Cot2(p

Suy ra AH = 2d cot @ :AB\/§:>AB= 4d cot ¢

Ja+cotZg 2 J3(4 +cot? )
AB2\3 4Bd?cot? ¢
4 3(4+cot? )
16d° cot® ¢
9\/(4 + cot? (p)

, nén dién tich day

cua khoi chop S, =

Thé tich ciia khdi chop la V = 3 in Sasc =

Bai 5

1. Goi M 1a trung diém cua BC. Vi cac tam giac SBC,ABC la tam giac déu nén
SM L BC,AM L BC = SMA =(SBC),(ABC) =60°.

a3

Tacod SM = AM - nén tam giac SAM 1a tam giac déu.

Goi H 1a trung diém canh AM =SH L AM ma BC L SH nén SH
1a duong cao ctia khbi chop, nhung SH ciing 1a duong cao clia tam giac déu

SAM nenSH—i £_§ a. S
2 4
Viy thé tich khéi chop S.ABC la
3 s

Verse =—SH Sipe=—a.

16
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Mat khac, tam giac SAC c0

a\3

CS=CA:a,SA:T

Suy ra dién tich cua tam giac SAC la
2 /
Sacs = L. fscz - SAT _N39 2
2 4 16
Vay khoang cach tir diém B dén mit phang (SAC) la:
313

3V,
d(B,(SAC)) = —38€ = a.
(B.(SAC) =—3 3

ACS
2. Vi BC L (SAB) nénAH L. BC
AH L (SBC)= AH LHK,AH 1 SC ]

ma AK L SC = SC 1 (AHK). 3

Vay Vaaux = %SK.HA.HK.

Taco AH = ABSA _2a
SB 5 / VH

_ACSA _25a A
scC 3 '
8a 4a

HK =vAK? -AH? = — SK = —
3J5 3 B

AK

Ly, _l4a2 8a 32,
SAK 673 /5’35 135

Mit khic SH =y/SAZ—AH? = *a nén Sans _da
5 5
! V.
Vay khoang cach cin tim 1a: d(K ,(SAB)) = —vksan _8 o
Sans 9

3. ( Ban doc tw vé hinh )
Goi M,N 1a trung diém cia BC,BA. H,K Ia
hinh chiéu cia S,C’' xudng mit phing

*/g,SHza‘/E

(ABC). SA = 22
2 6

a5

va thé tich khoi chop SABC 1a V = ——=.
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Tam giac C'AB cén tai C' VAC'N =/C'K? + KN? =ga

néntacd S,ge = \/_ a®. Vithé d(C,(C'AB)) = 3Vecne 3V
8 C'AB 28C’AB
hay khoang cach can tim 1a d(C,(C'AB)) = a125 .
Bai 6
1. ( Ban doc ty vé hinh )
R6 rang (SHM) L AB nén SMH =60°.
Tacéd MH =% nén SH = MH.tan 60° =§a.
1 1 1 NE)
Sacn = EAD.CN = Za2 = Veane = §SH Sacn = Ea?
Ha HK LAC=SK L AC.
Tam giac OHK vuéng cén tai K nén HK = Ho a
¢ NN
= SK =%a,SAcs *g_ 2. Taco d(N,(SAC)) = 3Vnacs

ACS

J21

én d(N,(SAC))=—a.
nén d(N,( ) 14a

2. ( Ban doc tw vé hinh )

Vi M 14 trung diém cia SC

nén OM //SA,MS=MC do do:

d(SA,BM) =d(SA,(OBM))=d(S,(OBM))=d(C,(OBM)) = M.

OMB

Tach OC:%AC:Za nén OB =+BC?-0OC? =a

= Sopc =%OB.OC=a2.
Goi N la trung diém ctia OC thi MN /SO nén MN L (OBC) va

1 V2 s

MN :%SO:a\/i Do d6 Vi opc = 5 MN.Spge = -a’.
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Tacd SA =+/SO? + OA? =2./3a nén OM =+/3.a.
Tam giadc OMB vuong tai O nén

3V
Soup =~ .OB.OM —£a2 . d(sh,BM) = Neows _2V6
2 omMB 3
Vay khoang cach gitta SA va BM la — 2\/_
S
3.
Vi cac mat bén nghiéng trén day mot
goc ¢ va chan duong cao | nam
trong hinh thang ABCD nén | la
tam duong tron ndi tiép hinh thang.
Goi tiép diém cua n6 véi cac canh A M
la M,N,P,Q (hinh v&). Ta ciing c6 Voo N\
SNI =g Q )

nén Sl =IN.tang=r.tan .
IB,IC 1a phan giac cua hai goc ké 90° = BC=5a,
2
|N=12a,BN=IB :16a CN_Qa
5 BC 5 5

Tur cac hinh vuong AMIQ, QIPD tacé AD=2r =

24

28a 21a 588a? 2352a®
AB = 5 ,DC = 5 = Spcp :T: S.ABCD :W

252a® 336
? nen SACB :SABCD _SACD = 25 a’ , dodo

tan o

Ma S,cp =

1 1344 ,

V. =—SH.S ——a’.tan

SABC ~ 3 ACB — 125 P.
S 2

sa _ 62"
COS® COSQ
3Vassc _672a.sin ¢

Sgcs 125

Theo cong thire hinh chiéu Sgeg =

d(A,(SBC)) =

Bai 8
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1.Tinh S, ., Vs ABcD

Dit canh ciia hinh vuéng ABCD 1a x,x>0 va goi E la trung diém cua canh
CD. Khi do

Trong tam gi&c vudng SEC, SE =DE.tanSCD = gtanoc (D).

2
Trong tam gidc vudng SHE, SE? =SH? +HE2 =h? + X (2).
4

x> 2 2 x> x> 2 2
Tu (1) va (2) suy ra Ztan a=h +Zc>z(tan a—l)zh

) 4h? 2h
SOX =X =

5 —_—
tan” o —1 Vtan? o —1

Dién tich xung quanh cta hinh chép S.ABCD .

2
S, = 4Sqcp =2CDSE =2x. N tana = x2 tang = 1_ANY

1 2 2

tan“a—-1
3
Thé tich cta khbi chop S.ABCD :V = 15 Apcp-SH= lxzh _ 4k .
2
3 3 3(tan o-— 1)

e T T
Bai todn c6 nghia <:>tan20c—1>0<:>tanoc>1<:>—<oc<5.

2.Tinh d(SH, CI).
Goi K 1a trung diém ciia HD , ta ¢6 IK la duong trung binh trong tam giac SHD
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= IK // SH= (CIK) / SH=>d(SH,CI)=d(SH, (CIK)) =d (H, (CIK)).
Dyng HJ LCK, (JeCK) , khi do
HJ 1L CK
{H] LIK (doTK / SH=IK L (ABCD)
= HJ = d(H,(CIK)) = d(SH,CI).
Trong tam gidc vubng CHK ,

):>H] L (CIK).

C 2 2
' CK? =CH? + HK? = X2 + X2 X x5
2 4 2 8 8
:CK=a 10.
J 4
H D  HJ.CK=CHHK
K XN2 x\/E
CHHK 5 "4  x hy/10
=HJ= = = = .
CK xv10 \/ﬁ 5 (tanzoc—l)
4
h'10

Vay d(SH,CI) =

3.Tim tap hop hinh chiéu vuéng goc cta S 1én mat phang (MAB) .

M € (MAB)~(CSD)
MAB) N (SCD)=MN // CD // AB (N €SD).

oY) () ) < 0 .45 v <)

Vay thiét dién cua (MAB) va hinh chép S.ABCD la hinh thang ABNM .

Goi G 1a giao diém cia MN va SE,F 1a trung diém ctia canh AB, theo tinh chat
ctia hinh vuéng , tacé EF L AB va H 1a trung diém cua EF.

Dung SP vudng goc voi FG(P e FG), ta co

{AB LEF

= AB L (SEF)= AB LSP.
AB 1 SH

SP 1 AB
SP L FG

= P 14 hinh chiéu vuong goc cia S Ién (MAB) :

= SP L (MAB).

Trong mit phang (SEF),SPF =90° nén P thudc dudng tron (C) duong kinh SF
chira trong mat phang (SEF) .
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(©)

Bai 9

1.Thé tich khéi chép S.ABC.

Goi E 1a trung diém cua canh BC
va O latam cua day ABC. Theo
tinh chat ctia hinh chop déu , ta c6
SO L (ABC),SE L BC,OE 1 BC,
suy ra SO la dudng cao cuia hinh
chop va
((SBC),(ABC))=SEO=a..

Goi canh ctua day ABC la x(x > 0)

Khi d6
OE=LAE- 1"‘/_ X‘/—
3 3 2 6
oc=2xB _x¥s
37 2 3

Gi61 han .

Khi M di dong trén doan SC thi
G di dong trén doan SE .

P la giao diém thu hai cia FG
voi (C) do do

Khi G=S thi P=S.

Khi G=E thi P=H.

Khi G di dong trén doan SE thi
P di dong trén cung nhoé SH cua
().

Vay tap hgp cta P la cung nho
cua duong tron (C) .

\/

Trong tam gi&c vuéng SOE (vuong tai O), SO =OE.tana = %tama Q.

Trong tam gi&c vuéng SOC (vuong tai O),

2 2
SO% =SC?-0C? = a% - & =a2-% ().
3 3

2

Tu (1) va(2) staco X tan? o= a2 —X—:>X—(’can2 0L+4)=a2
12 3 12
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2
et 23

2
tan” o +4 Vtan? o+ 4

x2 3
Thé tich khéi chép S.ABC:V = —SABC SO = 3 X\/_ X".tana

—.tano =
4 24

OJIr—\

24\/§.a tana.  a \/gtanoc

24\/(tan2 o+ 4)3 . J(tanz o+ 4)3

2.X4c dinh o dé V dat gia tri 16n nhét.

2
cr i1 £ cr 1 X tan
V dat gia tri 16n nhat < __ tana dat gia tri lon nhat < V. . dat

3 2 3
(’can2 a+4) (tan 0‘+4)
gié tri 16n nhat.

2 2
Tacé:f(a): tan” o _l tan” o 2 2

tan20c+4)3 - 4 tan2a+4 tanZ o +4 tanZo+4
Ap dung bat dang thire Cauchy cho ba s duong

2
2 2
tan” a , ta duoc

tan®a+2 tan’a+2 tanZo+2

3
f(OL)CmiChyl e fan” o + 2 + 2 N
43 tano+4 tan’a+4 tanZo+4 108

Ping thic xay ra khi va chi khi

2
t 2
azn @ 7 <:>tan2cx=2<:>tan0c=\/2<:>oc=arctan2.
tan“o+2 tan“o+2

23 _a°
J108

3.Xac dinh o dé hinh chép S.ABC tré thanh tir dién déu.
Hinh chop tam giac déu S.ABC 1a tir dién déu < canh bén bang canh

2a\/§
Vtan? o +4
sSo= arctan(2\/§)
Bai 10
1. « Tinh Vs ABC

Vay maxV = dat dugc khi va chi khi o =arctan?2 .

daya=x<a= otan’a+4=12 < tan® o =8 < tana =22
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Taco: AB=4a,BC = ax/E va

AC? = SA? + SC? — 2SA.SC.cos ASC = 2a° + a = 3a°
Suy ra AABC vudng tai B.Goi H la S
trung diém BC,taco H la tam duong

tron ngoai tiép tam giac ABC. Ma

SA = SB = SC = SH L (ABC)

> F
SH = Jsa2 - AC” _a
4 2’
1 a2 o
Spapc =5 AB.BC = —— néntaco: A c
B
Ve nae = LSH Sypge - 2282 _ a2
e Tinh a = (AB,CE) va d(AB,CE)
Goi F la trung diém cia SA, suy ra EF //AB = (AB,CE) = (EF,CE)
AB / [(CEF) = d(AB,CE) = d(AB, (CEF)) =d(A,(CEF))=h
Taco: EF =28 _ 28
2 2
2 2 NI
o _ |oc2_SB :a\/_ .l \/2((:5 +CA%) -sA? a7
4 2

Suyra cosCEF = CE_*CFT-EFT 4 4 4 _ N2l

2CE.CF a3 a7 14

2
Do do6 c03a=—‘21:>az710
14
Tach: 1 3
aCo: Vg cpp :ZVSABC = VcaBEF :ZVS.ABC
1 1 a3\2

Mat khac Syapp = 2S\gre = Vg .cer = §VCABEF = ZVS.ABC = a8
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sina:xll—cosza :¥
1 1253 57 a%\21
4 a

=S = _CE.EF.sina =
ACEF =75 473 14 112
a2

Vay h = SVBCEF _ 16 _ a\/ﬂl

Sxcer ay21 3

112
2. Goi H 14 hinh chiéu ciia S trén mit day. Ha HE L AB,HF L AC.
Theo dinh 1y ba duong vudng goc, ta co S

SE 1L AB,SF L AC.
Vi SAB :SAC‘nén hai tam giac vudng
SAE,SAF  bang nhau, do do
SE=SK =HE=HF, hay H thugc
phan giac trong cia goc A cua tam gidc
ABC. Ta c6 AE =SA.cosp = c.cosp
nén trong tam giac vubng

AHE taco | |

A -------------------- \\\\

i AE__coosp
cosHAE |

a T~ [ =
cos— T
2

Xét tam giac vudng SHA ta co
_cdeos’p ¢

o o
cos® > cos® —

2
< /cos2 & cos? .
a 2
2

Dién tich ddy ctia khdi chép Sppe = %AB.AC. sinBAC = %ab. sina.

2

SH? =SA? —AH? =¢? (coszg—coszﬁj

Thé tich ctia khbi chép SABC

Vs agc =%.SH.SABC =%.ab.sin al. Ca W

cos
. , 1 .o 2 O 2
Viy tacod Vg zpc == .abc.sin —.,/cos” — —cos” f.
O Z\ Z
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3.Vi SM L (ABC) néntaco Vg, :%SM.SBM, »Vaen :%SM.SCN, va

Veasc :%SM Spgcr do d6 hé thire didu kién Vgyg + Veen = Veage O
thanh S5, +Scy) =Sase- Vi AM =x nén BM =a—X, do dé

S BM BI a-x1 a—-x

SBAZJ-%: .= = Semi =5 Sasc

BAC a 2 2a

Ké CJ//AB. Ma | 1a trung diém cua BC nén CJ=MB =a—x.
NA _AM _CA+CN _ x
NC CH CN a-x

CN a-x
Suy ra Sew (EN CI_a-x 1
Scas CA CB 2x-a 2
- __a-x
BMI 2(2X—a) ABC

Do d6 diéu kién
Swer +Scni = Sage trd thanh

a—X a—X
Z—aSABC +mSABC =Susc
— — .l 1+
a-x,_a-x =1<:>x2+ax—a2=0c>k'=—( 1+y5)a
2a 2(2x-a) 2

- s (-1++5)a
Vi x >0 nén gia tri can tim ciia x la %

4. Goi O 1a hinh chiéu vudng goc ciia S 1én mit phang (ABC) , theo tinh chat cua
hinh chép déu thi O 14 trong tdm clia tam gisc ABC.
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Goi I la trung Qiém cta BC , tacé tam S
gidc SAI la thiét dién cua hinh chop
S.ABC véi mit phang di qua canh bén
SA va duong cao SO cua hinh choép da
cho.

Vi tam gidc SBC cantai S, I latrung
diém cua BC nén tam giac SIB vudng

tai [, suy ra v

SI=IBtanon=%tanon. I

Tam giac ABC 1a tam giac déu canh bang a = Ol = %AI e -

Trong tam giac vuéng SOI .

2
2 2
SO? =SI% - 012 =aztan2a—(£J =a—(3tar12(x—1)

6 12
= SO = L\/Btanz o-—1.
23
Dién tich cua thiét dién SAI.

1 a a\/§:a2\/3tan2a—1
g .

1 2
Scar =—SO.Al=———=+3tan”“ o —1.
SAI = 5 2943 5
Laico:

3tan’ oc—l=(\/§tanoc+1)(\/§tana—1)=[\/§Sina +1j£J§sm°° —1}

coso cosa
(\/gsina + cos oc)(\/gsinoc —Cos OL)
cos® a
4£\/2§sin(x + ;cosaJ[\/zgsinoc - ;cosaJ
) cos” o

4 (sin ac0s30° +sin30° cos a) (sin acos30° —sin30° cos a)

cos? o
4sir1(oc + 300)sin((x —300)

COS2 (00

@]
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2

= Sgay = \/sin(a+300)sin(a—300).

4cosa
Bai 10

1. a) Goi £ la trung diém cua BC

= HE 1L BC va SH L BC:>(SHE)J_ BC :>(SHE)J_(SBC).
Do d6, ha IK L SE = IK L(SBC)= IK =b.

Hai tam gidc ASKI va ASHE ddng dang véi nhau suy ra

2
izs_Kst _ HESK ~ 2 sk _b SI2_-1K?2 = SH _2a SL_bZ
HE SH IK 2b 2a b 4

2 2

a a 2ab X 2
<& SHY|l-——|=—— =>SH=—+—-=Vva S =a
ABCD
( 16b2} 4 Va? —16b2
1 1 2ab 2 2a3b

3 3 Ja? _ 1602 3va2 —16b2

b) Ta co: ((SBC),(ABCD)) —SEH =«.

2

2
Trong tam gidc vubng SHE tacd SH = HE.tan «, trong tam giac vudng
SHB c6:

Pit BC = x thi ta co OE_E oB = V2

2 2
SH2=SBZ—HBZ:>(5tanaJ :hz_[_a\/ij y_-__2h
2 2 \/2+tan2a
1 1, 4nh? htan

X 1

V =—SH.S ==—X".—tana =—. .
SABCD ABCD

8 3 2 3 2+tan®a \/2+tan2a

ah®tan a

3
3 (2+tan2 a)
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2 \3 2 \3
(2+tan a) = (1+1+tan a)

f 3
> (lestan2 aj = 3\/§tan a

Vv 4\/§h3 tana 4\/§h3
S.ABCD = o7tana 27

4J3n3

27
otanag =1 a = 45°

Vay maxVg agcp =

Bai 11
1. Goi O 1a tam cua day, ta co BD L (SOA) suy ra goc SOA la goc gitra
hai mit phang (SBD) va mit day nén SOA = 60°.

Trong tam vuéng SAO ta
c6: SA = AO.tan 60°

a2 = ale
a2 5 _ale

., |BC L AB
Ta co:
BC 1 SA

— BC L (SAB)
— BC L AM
— AM L (SBC)
— AM 1 SC

Tuong tu: AN 1 (SCD) = AN L SC, tir d6 suyra: SC L (AMN)
Nén AP la duong cao cta hinh chop S.AMPN
1
Suy ra: Vg ampn = 3 AP.S men
Ap dung hé thirc lugng trong tam giac vuéng SAC ta co:

2
SP_SPSC__ SA’> _3_ ., 3._3al4

SC sc? saA?+AC? 7 7 14
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Trong tam giac vubng SAB ta c6: AM = S’;BAB = a\/SE
Do ASBC ~ ASPM — MP _SP _ \yp - SPBC _3av35
BC SB SB 35
2
Suy ra: Spypy = 2Saayp = AM .MP =2 f
Vay V _l 3a\/E az\/z _ 3a3\/g
Y VsaMPN T3 T T 35 0

2.

. 1
Taco: Vs conm =5 SH-Sunnc

SMNDC = Sascd ~ SaamN ~ Samse
2 a2 a% s

-—a - —— — = —

8 4

a2

8

2 3

Vs conn zla\/§.5a _5\/§a
: 3 8 24

Lai thiy: DM .CN =%(2ﬁ—ﬁ:).%(2o—c—ﬁ) -DA2-DC2=0.
Vay CN L DM turd6 SC L DM boi vay :

25
d(SC;DM) = d(H;SC) = =>ansc _SHCH _ SHCH
>¢ SC  sH24cH?
Lai c6: CH = 22ACMD _ 2(Sagcp ~ Saamp ~ Sacms) _ a\/E
"R DM DM 5

Thay 1én trén ta c6 khoang cach can tinh 1a: 2a, /% .
3. Ching minh M 1 trung diém SA

Taco: AH = 22 sH = \/sa2 _ an2 = V14 Hc:3a*/5

4 4 4
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— SC=vSH2+CHZ2 = a\2.

Suy ra SC = AC = AACS can tai
C nén M latrung diém SA.

i 2
e Tinh VS,MBC !

Vi M 14 trung diém SC nén

1
Sscm =5 Ssac SUyra

1

1
Vsmee = 2 'SABC = ESH SapBc = 48

4. Goi H 1a hinh chiéu caa S trén AB, suyra SH L (ABCD).
Do d6 SH 1a duong cao cua
hinh ch6p S.BMDN .
SA? + SB? = a® + 3a% = AB?
= ASAB vuong tai S
= SM = AB =a.

2

Do d6 tam giac déu,

suyra SH = a—\/g.
2
Dién tich tir gidc BMDN la: Sgy,pn :%SABCD = 2a?
3
Thé tich khéi chop S.BMDN : V =%SH Sayoy = a—f (dvtt).

Ké ME / /DN (EeAD):AEzg.

Dit ¢ 14 goc giita hai duong thang SM va DN . Ta cé: (SM : ME) =¢.
Theo dinh ly ba duong vudng goc ta cd: SA L AE

— SE =+/SA2 + AE? =%, ME = vAM?2 + AE2 =§
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Do ASME cantai E nén SME = ¢ va COS([)=—=?5.

5.Goi H la trung diém ciia AD. Ta cd tam gidc SAD déu nén
SH 1 AD.

Do (SAD) L (ABCD)

— SH L (ABCD) = SH 1 BP(1)
Tacd ABCD la hinh vudng nén:
ACDH = ABCP

—BPLCH (2).

Tu (1) va(2) suyra: BP L (SHC)
Mait khac: MN //SC; AN / /HC

= (AMN)//(SHC)= BP L AM
Goi K =BH N AN . Tac6 MK la duong trung binh cta tam giac SBH

foa

Suyra MK //SH = MK L (CMN); MK —ESH

2
Dién tich tam giac CMN : Sy = %CM cN =2,

J3a8

Thé tich khSi 1 dién CMNP S Vgyyp = = MK Sy = oo (dvit)
6. Goi P 1a trung diém ctia SA. Tacd MP 1a duong trung binh cta tam
gisc EAD = MP //AD = MP / /NC v MN :%AD: NC.

Suy ra MNCP la hinh binh hanh = MN //CP = MN / /(SAC) .
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Ta dé chimg minh dugc BD L (SAC) = BD L MN
Vi MN / /(SAC) nén:

d(MN, AC) = d(N, (SAC)) = %d(B,(SAC)) _ % BD - %.
Vay d(MN, AC) :%.

Bai 12
1.a. Tinh Vs ascD

Tur gia thiét suy ra SI L (ABCD) = Vg agcp = %SI SABcD
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(AB + DC)AD
2

Vé IK L BC = BC L (SIK) = SKI 1a goc giita mat phang (SBC) véi
mat day

.. _ ha2
Ta co: SABCD = =2a

Nén SKI = 60°

. 1 a’ 1 3a®
V| SA|DC :EDIDC :T, SA|AB :EAIBI :T,

2
SUy ra Sygic = Sagcp _(SAICD + SAIAB) =a
Mit khac: BC = \/(AB —CD)2 + AD? = ay5 va S 45 = % IK.BC
2
Nénsuy ra: 1K =zi: 2a\/§_
a5 3)
2av15

Trong tam giac vuéng SIK tacé: SI = 1K tan 60° =

. 1 2ay15 . », 4a3\15
Vay VS.ABCD = 5 5 2a° = T

b) Goi M la trung diém SD. Tinh d (M, (SBC)).
Goi E 1a giao diém ctia AD véi BC, ta co:
ED_DBC_ 1 ep-tap-iD
EA AB 3 2

. 1 1
Do dé: d(M,(SBC)) = Ed (D,(SBC)) = Zd (1,(sBC))

5

Goi H 1a hinh chiéu cia | 1én SK taco: d(1,(SBC)) = IH
Trong tam giac vuéng SIK , ta co:

1 _ 1,1 _5 5 _5_ . _als
IH?2 SI?2 IK? 12a® 4a®? 3a?
Vay d(M,(SBC)) = a2;5 .

2. Vi hai mit phang (SBI ) va (SCI ) cung vuong goc voi mat
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phiang (ABCD) nén giao tuyén
ctia hai mat phang d6 S| vuéng
gdc voi mit phang (ABCD)
hay 1a SI L (ABCD)

1
VS.ABCD = 5 Sl 'SABCD
AD(AB + CD) 2
SaBcD = — 5 - 3a

Goi H 1a hinh chiéu cia | xudng
BC = BC L (SIH) = SHI =((SBC), (ABCD)) = 60°.

N

.. 2 2 : a |
Taco: BC =/AD? + (AB - DC)? = ay5 ; Suibc = 5t Saaie —a? .
3. 2
= SABCI = SABCD - (SAIDC - SAABI ) = Ea
2S
— |H = Z2AIBC :3a*/g:>3| =|H.tan60°:3""JE _
BC 5 5
A 1 3a3\15
Vay Vg agcp = §SI Sagcp = 5

3. Goi | 1a trung diém cua AD.
Taco Cl = IA = ID:%

suy ra AACD vuong tai C

= CD L AC. Ma

SA L (ABCD)=>SA L CD nénta

c6 CD L SD hay ASCD vuéng.
Goi d,;d, lan Iuot 1a khoang cach
tr B,H dén mp(SCD)

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cap website: hoc360.net dé tai tai liéu dé thi mién phi

2
Tacé:ASAB~ASHA:%=§:i=i=Ema
SH SA ~SB gg2 3

=E:>d 2

SH
— 2 = _dl.
SB d, 3 3

J2a8
-

Thé tich khéi ttr dién S.BCD : Vggop = = SA. = AB.BC =
372

Taco: SC=+SA2+AC2 =2a CD =+\CI2 + D2 =+/2a

1 2
= Sgop =5 SC.CD =2a%,

3
L 3.*/%‘
secp = 3 %15sc oo

wle Nlo

Vay khoang cach tr H dén mp(SCD) la d =—.

Bai 13
Goi | 14 hinh chiéu vuong goc cua S trén (ABC), A',B",C'
lan luot 1a hinh chiéu caa | trén
BC,CA,AB.

Tur gia thiét suy ra

SA'l =SB'I =SC'l =60°.
Cac tam giac vuong

SIAY, SIB', SIC' bang nhau nén
IA'=1B'=I1C'=1 latdm
dudng tron ndi tiep tam giac
ABC.

Goi p lantra chu vi tam gidc
_Sa+6a+7a

ABC = p 5

SpABC = \/p(p— BC)(p— AC)(p— AB)
= \/Qa(Qa - 6a)(9a-7a)(9a-5a) = 6./6a2

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cap website: hoc360.net dé tai tai liéu dé thi mién phi

Goi r 1a ban kinh duong tron noi tiép tam giac ABC, ta co :

SaBC _ 6v/6a2 _ 2\/6a
p 3

9a

Spgc = Pr=r = =|A'=r =

2\/ga
3

Taco: SI = IA'tan 60° = 2*/6""\/5: 2\2a

1
Suyra Vg age =§s ABC = 2\/_a6\/_a 8\/_a
Bai 14
1. Taco: CA =CB =CD = DA =BD =a nén hinh chiéu H cua C lén
mit phing (ABD) la tim dudng tron ngoai tiép tam giac cdn BAD,
hay H thudc trung tuyén BM. Dién tich tam gidc BAD

1 1 /2 x? C
S =—BM.AD =—x.,/a" ——. .
ABD 2 2 4
2
Tam giadc MCB céMC:MB:,/aZ—XZ,CBza

Vay thé tich khdi ta diénla V = %CH Sasp = —

2 2 2 2
L. X +(3a° —x 3a A
Theo bat dang thirc Cauchy ta c6 x+/3a?—x? < ( )= , Nén

2 2
3
\Y s%. Dau dang thic c6 khi x? =3a? —x? = x :?a.

3
Vay thé tich khdi tir dién 16n nhét 1a % , dat dugc khi x = g a.

2. Trong mit phang (DBC),
dung cac duong thing qua cac
dinh va song song véi canh con
lai cua tam giac BCD, chdng
cit nhau tai M,N,P. Khi d6
B,C,D lan luot 14 trung diém

cua cac doan canh MIN, NP, PM. p/ \0
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Taco Syp =4S NEN

Vamne =4Vagep-
Vi AD =BC va BC la duong trung binh
cta tam giac NMP nén
AD =DM =DP

Suy ra tam giac AMP 1a tam giac vudng tai A.
Tuong tu ciing c6 cac tam gidc APN,ANM déu vudng tai A.

; 1
Vithé V,yne :EAM.AN.AP. bit AM =x,AN =y, AP =2
Chi y MN?=4DC? =4a®, nén 4p dung dinh Iy Pitago cho céc tam gi4c
AMP,APN,ANM taco

2 2

x? +y? =4a x? +y? =4a
y? + 2% =4b® o {y? + 7 = 4b?
22 +x? =4¢? x? +y2+22 =2(a®> +b? +c?)

=x? =2(a® -b* +¢?),y? =2(a” + b* - ¢?),z* =2(-a® + b* + ¢?)

Vay Vaunp = g\/(a2 _ b2 +2)(a? + b2 —c?)(—a? + b? +c?), nén

Vsep = g\/(az b2+ Cz)(az 4 b2 _Cz)(_az +b2+ Cz)_

Pé y rang (a® —b® + ¢®)(a® + b* —c?) =a* — (b® —c*)* <a* va hai bat dang thirc
tuong tu khac, ta co
2
[(a2 — b +2)@2 +b? —P)(-a% + b® + cz)] <a'b*c*

2

Hay V <—abc.
y ABCD 12

Dau dang thiic xay ra khi a=b =c, hay t dién ABCD la tir dién déu.

3. Trong mat phéng (DBC), dung cac duong théng qua céac dinh va song
song v&i canh con lai cua tam giac BCD chung cit nhau tai M, N, P. Khi
d6 B,C, D lan luot la trung diém cua cac doan canh MN, NP, PM .
Taco Syynp =4Sseep NN Vamne = 4Vagcp -

Vi AD = BC va BC la duong trung binh cia ANMP nén:

AD =DM =DP

Suy ratam giac AMP la tam gidc vudng tai A.

Tuong tu cling c¢6 cac tam gidc APN, ANM déu vudng tai A.
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¢ 1 9
Vithé V,unp :EAM.AN.AP.Dat AM =x,AN =y, AP = z.

Chi'y MN?2 = 4DC? = 4a?, nén 4p dung dinh 1y Pitago cho cac tam gidc
AMP, APN, ANM taco:

x2+y2:4a2 x2+y2:4a2
y2+22=4b2<:> y2+22:4b2
2% + x? = 4c? x? +y? + 2% = 2(a® + b% + &)

= x% =2(a® —b% + c?),y? =2(a® +b? = ?), 2% = 2(-a® + b? + ¢?)

Vay Ve = Q\/(az —b? + ?) (@2 + b? — A)(—a? +b? + ¢2), nén

Vagcp = \/_ \/(a ~b? + F)(@® +b? - ?)(-a% + b* + 7).

Bai 15

Goi H 1a hinh chiéu cia S 1én mat day, ta suyra H 13 tim duong tron
ngoai tiép tam giac ABC nén H thuéc BD.
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BD L AC
SH L AC
cia A 1én mat ph:flr}g (SBD),ma AS=AB=AD=a=0 latam

dudng tron ngoai tiép tam giac SBD = ASBD vudng tai S. bat SD = x

Mt khac { — AC L (SBD) = O = BD n AC 14 hinh chiéu

Taco: SH.BD = SB.SD = SH = 2250 a5 :%AC.BD
1 SBSD 1 1
Nén V. =—, .—AC.BD =—-AB.SD.OA
S.ABCD 3 BD 2 3
2 2 2 2 2
MaOAZZABZ—BD :az_a + X :33. X
4 4 4

. 1 2 2
Do do: VS.ABCD = E.a.x. 3a° - x

2 2 2 2
Ap dung bdt Co si ta co: xy3a? - x% < an 32 X 7 32‘

3

a .
= e Dang thirc xdy ra

2
Suyra: V, 3%

1
S.ABCD = E.a.

2 2 a\/g

o x% =3a% - x @ x=="

a\/6

Vay Vg apcp 16n nhit < SD = -
2. Ap dyung dinh 1i ham sé ¢6 sin cho tam giac SAB ta co:

AB? = SA? + SB?2 - 2SA.SB.cosa = 2a° (1 - cow) — 4a° 0032%
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= AB = 2acos%

BC = 2acos§, CA = 2acosg

Goi H 14 hinh chiéu cia S 1én

mit phang day (ABC), tacé H
1a tam dudng tron ngoai tiép tam
giac ABC.

AB.BC.CA

AH = == 22, S =Supc

suyra: SH = VSA% — AH?

\/16a282 - (AB.BC.CAY’
- 4S

Do do:

1 1 2a2 6 .2 off oy
VSABC =§SH .SAABC =E\/16a S —64a’ cos ECOS ECOS E

B Y

Goi p la ntra chu vi tam giac ABC, ta c6: p = a(cos% + cosE + COS Ej
Nén S? = p(p - AB)(p - BC)(p — CA)

2 2
_a*||cos%+ cosB | —cos?? || cos?? — | cos? — cosZ
2 2 2 2 2 2

*)
3

a‘k .

Vay VSABC = —3 vi1

2
k= || cos® +cos? ]| —cos2Z
2 2 2

3. Vi SA =SB =SD nén hinh chiéu H cta diém S 1én mit phing day la tim
dudng tron ngoai tiép tam giac ABD. Ma tir giac ABCD c¢6 cac canh bing nhau
nén d6 1a mot hinh thoi, do @6 H € AQ.

2
c02? [ cos% —cosB | |- acos? % cos2 2 cos? L
2 2 2 2 2 2

Group: https://www.facebook.com/groups/tailieutieuhocvathcs/



https://www.facebook.com/groups/tailieutieuhocvathcs/

Truy cap website: hoc360.net dé tai tai liéu dé thi mién phi

Ba tam gi&c SBD,ABD,CBD cd céac
canh twong Gmg bang nhau nén br:ir}g
nhau, do d6 «cac trung tuyén
S0, AO,CO bang nhau, suy ra tam giac
SAC vudng tai
S= AC=+SA? +SC? =+a? + x2.
Tam giac vudng SAC co6 duong cao
SH nén 12: 12+ 12
SH® SA° SC

ax
Va2 +x?

Tacod OB? + OA% = AB? nén

= SH =

AC? _ 2 a’+x® 3a’-x° 3a® - x

2

OB? = AB? - — OB =

4 4 2
Dién tich day ctia khdi chép Sppep = AC.OB = %\/(a2 +x?)(3a% —x?).

Thé tich cia khdi chop SABCD 1a V = %SH Sascp = %.axx/3a2 —x2.
Theo bt ddng thirc Cauchy ta co

x? +(3a% — x?) ?
2
6 3
%’ R vic® v
16 4

36V?% =a’x?(3a? -x?)<a? {

= 36V? <

a\/6

Dau dang thic xay ra khi x*> =3a® —x? < x = —

3
Vay gia tri 16n nhat cua thé tich khdi chop SABCD la %, dat duoc khi va chi

khi X = a{
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