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Ta thay cac diém A, C nidm cung phia va A, B nam khéc phia so véi (P).
1. Tacd MA+MB > AB va A, B nam khac phia so véi (P) nén
min(MA + MB) = AB khi va chi khi M = AB n (P).

x=1-3t
Phuong trinh dudng thang AB: {y=-1+2t (te R).
z=2-2t

Taco M e AB= M(1-3t; -1+2t; 2-2t), ma M € (P) nén

2(1—3t)—(—1+2t)—(2—2t)+3=0<:>t=§

Viay M| -1, 1; 2 1a diém can tim.
33
2. Taco |MA - MC| < AB va A, C nam cung phia so v6i (P) nén
max (|[MA - MB|) = AC khi va chi khi M = AC (P).
Toa d6 diém M thoa man hé phuong
x-1 y+1 z-2

trinh: ¢ 1 1 1 = M1 -3 4).
2x-y-z+3=0

Vay M(-1; - 3; 4) 1a diém can tim.

3.Goi H(x; y; z) 1a hinh chiéu cua diém A trén mit phing (P).

Ta tim duoc H —1;—1;§ .
3 3 3

Goi A' d6i ximg véi A qua miat phang (P), suy ra A’(—g; %; %)

Vi A, C & cung phia so véi (P) nén A’,C ¢ khéc phia so vdi (P).

Taco MA+MC=MA"+ MC > A'C nén min(MA + MC) = A'C khi va chi
khi

M = A'C A (P).
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Do AC=1(11: =1 —7) nén Ac: X=2_¥ _2=1
3 1 4 7

T d6 ta tim duoc toa do diém M (—%; %; %)

4. Goi A' dbi xung véi A qua (P) thi A’(—%; %; %}

Vi A, B & khac phia so vdi (P) nén A’, B ¢ cung phia so véi (P).

Ta c6 |[MA - MB| =|MA’ - MB| < A'B nén max (|MA - MB|) - A'B khiva
chikhi M = A'B n (P).

Do AB=—4(1:-210) nén AB: X2 _Y=1_2
3 1 -2 10
Suy ra toa do diém M can tim 1a M(—Z; %; —%)

Bai 11.

1. Goi @ = (a; b; ¢) 1a VTCP cua d, trong do a’+b%+c >0.
VidlLAnénd,u,=0=a-2b+c=0<c=-a+2b

Vi d' qua M(0; —1; 1) vico uy = (2 -2 —1).

Ta co: [E @} =(2a-3b; a—4b; 2a + 2b).

Do d6 khoang céach gitra hai duong thang 1a

o NG ‘[ad,, dy | .OM‘ i a+6

[dg.0q]  Ji2a—-3b)2 + (a—ab)? + (22 + 26)2

i \/ (@ + 6b)2
9a2 —12ab + 29b2

e Néu b=0 thi a= 0 nén d(d’;d) =

1
-
o Néu b= 0 thi dit t:%,teR, khi d6:
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2 2
d(d’ d)=\/ 2(”6) _ 7@, f(t) = 2(”6) |
92 — 12t + 29 92 — 12t + 29

2t+6)65-600) oy g ¢ 13

Taco f'(t) = .
(9t? — 124t + 29)? 12

Vi f(-6)=0; f 13 :E; lim f(t):1 nén max f(z‘)=1—7 khi va chi
12 9 xotw 9 9
13

khi t =—.
12

J17
3 2 \
b=12;a=13;c=11, hay phuong trinh duong thang cén tim la

So sdnh céac truong hop ta cé6 max(d(d’, d)) = khi

xX_Yy_2z

13 12 11
2. Tacé AB(=3; 3; 0), BC(0: —3; 3), CA(3: 0; —3) nén
AB = BC = CA = 3J2.
Tam giac ABC la tam giac déu. Cac diém A, B, C thudc duong tron (C).
Puong tron (C) 1a giao cia mat cdu (S) c¢6 tdm /(1; 1; 2), ban kinh R=3
va mit phang (P): x+y+z—-7=0.
Tam J cua duong tron (C) la trong tam tam giac ABC nén J(2; 2; 3).
Ban kinh cua dudng tron (C) 1a r =VR% - 1J2 = /6.
Bai toan tro thanh bai toan hinh phang: Xét tam gidc déu ABC noi tiép
dudng tron (J,\/E). Tim diém M e (C) sao cho MA + MB + MC dat gia tri
16n nhat.
Gia st M thudc cung BC, khidd MA = MB + MC.
Vivay MA + MB + MC = 2MA < 2.2r = 4+/6.
Déu ding thie ¢6 khi M dbi xtimg v&i A qua J, nén M (0; 3; 4).
Tuong tu cho truong hop M thude cung CA, AB ta tim dugc cic diém
tuong ung la M(3; 0;1), M(3; 3; 1).
Vay gia tri 16n nhét cia MA + MB + MC 1a 4\/6 , dat duoc khi diém M 1a
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Bai 12. Goi A(a;0;0),B(0;b;0),C(0;0;c) thi (ABC) c6 phuong trinh la

XY,z

a b c

l.Métphéngcﬁntimi+X+E=1.
-6 9 3

2. Mt phang cin tim 5x —3y —2z—-38 =0.
3. d(O,(ABC)) < OM. Mit phang (ABC) c6 phuong trinh
X—-2y+3z-14=0.
4. C6 ba mat phing thoa man
X+y+z-6=0, x-y+z-2=0, x-y-z+4=0.
5. Mt phing (ABC) c6 dang i2+%+§=1.

Vi P(2;3;1) e (ABC) nén £+§+1=1<:>§+1:2 (1).
-2 b c C

Vi OB =1+20C nén |b|=1+2|d (2).

Giai hé phuong trinh (1) va (2) ta c6 cac mit phang thoa mén 1a

L+X+E=1, i—2—y+4z=1.
-2 3 1 -2 3
Bai13. (P):x-y+z+1=0 va A(1;1;1), B(0;1;2),C(-2;0;1).

1. Vi M(x;1; z) e(P) nén x =—z. Tt MA =MB suyra x—z+1=0.

2
2.Goi N(a; b; c) thi a—b+c+1=0. Taco
T=2NA? +NB? +NC? =3(2a® + b* + ¢?)-6b-10c+16

1) 5 )
=6 a+§ +3 b_§ +3(c—-1)"+8=>8.

Vay toa do diém M cantimla M (—%; 1; 1)

Khi d6 diém N ¢6 toa do N(—%;gﬂ).

Bai 14.

1. Cach 1: Phuong phép hinh hoc.

Theo chiing minh trong phan phuong phép ta c6

Puong thang d di qua A va cach B khoang 16n nhat 1a duong thang cé véc to
chi phuong Uy = fip), AB |.
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Vi fipy(1; 2 = 1), AB(-1; 2; —3) nén Gy =4(-1; 1; 1).

Phuong trinh duong thing can tim 13 X _11 = % = ?

Puong thing d di qua A va cach B khoang nhé nhét a dudong thang c6 véc to
chi phuong Uy =| N(e),[ gy, AB]|.

Vi A (1;2 1), AB(-1;2 ~3) nén [ﬁ(P), FB’] =4(-1;1;1), do dd
uy =12(1; 0; 1).

Xx=1+t
Phuong trinh duong thang can tim1a d: Jy =0  (t e R).
z=t
Cich 2: Phuong phép ham s6.
Goi véc to chi phuong clia duong thang d 1a Uy =(a; b;c), trong do6
a’+b%+c®>0.
Vidc(P) nén UyNpy=0<=a+2b-c=0<c=a+2b.
Vi AB(-1;2; —3) nén [ud, E’]:(—za—m; 2a-2b; 2a+b), do d6 khoang
cach tir B dén duong thang d 1a
‘[Gd’ AB]‘ _ [(2a+7b) +(2a-2b)? +(2a + by?
|Ug| a’ +b’ +(a+2by

~ \/12a2 +24ab + 54b°

d(B, d)=

2a’ + 4ab + 5b?
Néu b=0 thi a0 nén d(B;d)=+/6.

Néu b0 thi dat t =%,t c R, khi d6

12t2 + 24t + 54 12t2 + 24t + 54
d(B, d)= = JE(t), f(t) = .
( ) \/ 2t +4t +5 (0, (1) 2t +4t +5

24 24
2—:6+—2
2t°+4t+5 2(t+1)°+3
Hay /6 <d(B; d)<+/14.

Két hop céc trudng hop, ta duoc \/6Sd(B; d)< J14.

Taco: f(t)=6+ =6<f(t)<14
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Gia tri nho nhit cua d(B; d) 1a \/6, dat dugc khi b=0, chon a=1 thicdé c=1
x=1+t

nén phuong trinh duong thang can timla d:{y =0 (t eR).
z=t

Gi4 tri 16n nhat cia d(B;d) la 14, dat duoc khi a=-b, chon b=-1 thi
a=1; c=—1 nén phuong trinh dudng thang can tim la:
d: x-1 _Y_ E.

-1 11 ‘ q
2. Puong thang d qua A va song song véi (Q) tirc 1a d nam trong mat phang
(P):2x—-y-z-1=0.
Cich 1: Phuong phép hinh hoc tong hop.
Géc gitta d va d’ 16n nhat bang 90°, khi d6 d c¢6 mét véc to chi phuong 1a
Ug=[Ug, g |=(4 5 3).
x-1 y+1 z-2
4 5 3 ,
Goc gitta d va d’ nho nhat khi d di qua A va song song véi hinh chiéu ctia d’
trén mat phang (P).

Phuong trinh duong thing d :

M3t véc to chi phuong I Uy =| Al q),[ Uy, fq) ||=2(1; =5, 7).
x-1 y+1 z-2

Phuong trinh dudng thing d : — =
g g g 1 5 7

Cich 2: Phuong phap ham s6.
Goi véc to chi phuong ciia duong thang d 1a Uy =(a; b;c), trong do6

a’+b?>+c®>0.

Vid//(Q) nén Uy.nq=0=2a-b-c=0<c=2a-b.
Tacd Uy =(1; =2; 2) nén géc ¢ cua hai duong thing thoa min
5a —4b)|

3\/5a2 —4ab + 2b?

cos¢ =|cos(Uy; Uy )| =

N

Néu b=0 thi a =0 nén COS(pzT.

Néu b0 thidattzg,teR, khi d6

2
LR, r) - SS9

COS(Q = .
? 2 _4t+2

1 (_
3\5t2 -4t +
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2(5t —4)(10t +2)
(5t? —4t +2)?

1Y 256 . 4
maxf(t)=f(—§j=?, mlnf(t):f(g):o.

Gi4 tri nho nhét cua o la arcoosi, khi tz—%, hay b=-5;a=1; c=7.

Taco f'(t)= nén ta tim dugc

33
. . s ox=-1 y+1 z-2
Phuong trinh duong thang can tim d: = 5 = 7
Gié tri 16n nhét cua ¢ 1a 90°, khi t:g, hay b=5; a=4; c=3. Phuong trinh
duong thang can tim d X1 :y+1 :Z—2_
4 5 3

3. Giastr d cit d tai diém M thi M(1+2t; 2+t; —2-t), t eR.
Véc to chi phuong cua d 1a AM(2t +2; t +2; —1—t).
Véc to chi phuwong cta duong thang A 1 U, (-1; 2; 2).
Goi gbc gitra duong thing A va duong thing d 13 ¢. Ta co
cos0 = ‘COS(CIA, m)‘ _ -1.(1+2t)+2.(2+1t)+2.(-2-t)|
32t +22 +(t +2)% +(-1-1)

. :ZJ 2
3./6t2+14t +9 3 V6t*+14t+9 3
t2

6t +14t+9
2t(7t +9)

(6t% +14t +9)*"

Trong do f(t)

Taco f'(t)= do @6 dé dang tim dugc

minf(t)=f(0)=0,maxf(t)=f (_gj:

o] ©

Vivoi ¢ {O;g} thi ham s6 y = cos¢ nghich bién, nén

Gia tri 16n nhit cia ¢ 1a % dat duge khi t =0= AM(2; 2; —1),

hay duong thing d 13 d - %:%:%.

L . 2 .
Gia tri nho nhat cua ¢ la arccos— dat dugc khi t = —g, suy ra

NG
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