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PHUONG PHAP GIAI TOAN.

Céc phép tinh vé s6 phirc va cc bai toan dinh tinh.
Phwong phap:
Dang I: Cac phép tinh vé s phtrC.
Str dung céc cong thirc cong, trir, nhan, chia va lily thira sb phuC.
Dang 2: S6 phtre va thudc tinh ctia no.
+ Tim phan thuc va phan 40: z=a +bi, suy ra phan thuc a, phan o b
+ Biéu dién hinh hoc cua s6 phuc:
Vi du 1 Tim s6 phtic z théa mén:

Zz—21 .. £,
14 so0 ao.

1. |23 =[1-i7| va 2-2 lasd thudndo. 2. |o|=z—2-2i| va
Z

723
Loi gidi.
1.Dat z=a+bi (a, beR).Khid6 |z-3i=[1-iz| tuong duong véi
la+(b-3)i|=[1-i(a=bi)| < |a+(b-8)i|=[1-b-ail
sa?+(b-3) =(1=b)* +(-a) & b=2.

3 2 .
9(a-2i) a —5a+(2a +26)1 , . )
)— va la sO thuan ao khi va

=a+2i- =
a’+4 aZ+4

chikhi a®>~5a=0 hay a=0,a=+5.

Vay céc sé phtrc cn tim 13 z=2i, z=+/5+2i, z=—/5+2i.

2.Dit z=a+bi (a beR).Khidd |z/=|z-2-2i twong duong véi
la+bi| =|(a-2)+ (b-2)i| tic a? +b% =(a~2)* +(b-2)’ & b=2-a (1)

z-2i a+(b-2)i [a+(b—2)i][(a—2)—bi}

Ta co: z-2 _(a—2)+bi B (a—2)2+b2

:a(a—2)+b(b—2)+(a—2)(b—2)—abi 14 s& 40 khi va chi khi a(a—2)+b(b—2)=0 (2)

a—22+b2 a—22+b2 ::1—22+b2
(a-2)

Tlr (1) va (2) suyra a=0,b=2 tic ta tim dugc z=2i

Vi du 2. Tim sb phirc z théa man: Z_? —1va 2234
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Loi giai.
Cach 1:
Gia st z=a+bi, (a,be[R’).

z—1

—|mlel-l=l-ie |(a=1)+bi|=[a+(b-1)i| hay

(a—l)z+b2 =a12+(b—1)2 tic a=b

z—3i

zZ+1

Lai c6: =1 < |z-3i|=|z+i] < [a+(b-3)i|=|]a+(b+1)i hay

az+(b—3)2 =az+(b+1)2 ob=1=a=1
Vay, sb phtrc can tim 13 z=1+1i
Cach 2:

Véi 2 s6 phic z va z' (z'#0), ta ludn c6: = =||i'||
V4 V4

z—1

Ta cé: =1 |z-1|=|z-i|. Goi A va B 1a 2 diém biéu dién cdc s6 1 va i tic la A(1;0),

Z—1
B(0;1). Véi gia thiét: [z-1 =|z~i| & MA =MB, ¢ ddy M =M(z) la diém biéu dién s6 phirc z.
Nhu vAy, M ndm trén duong trung truc ciia AB < M nim trén duong thing y=x (a)

z—3i

Lai c6: —=1 <|z-3i|=|[z+i| ©MA=MB ticla M nam trén trung truc ciia AB, nghia la

z+i
diém M nam trén duong thang y =1 (b).

Tir (a) va (b) suyra M ndm trén duong thing y=x va y=1 tirc M(L,1) =z=1+i.
Vi du 3. Cho s phitc z=x+yi; x,yeZ théamin z> =18+26i. Tinh

T=(z- 2)2012 (4= Z)2012

Loi giai.

x> — 3xy2 =18

7% = (x3 - 3xy2>+ (3x2y - y3 )i =18+26i=
3x2y—y3 =26
Do x=y=0 khong la nghiém h¢, dit y=tx

3(1— =
¥ (-3¢) 18:>(3t—1)(3t2—12t—13)=0

Khi d6 ta co: {

x3(3t—t3)=26
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Khi t:% thi x=3,y=1, théa man

Khi 3t ~12t-13=0 thix, y ¢Z . Vay s6 phirc can tim 1a: z=3+i

Véy’ T= (Z _ 2)2012 + (4 _ Z)2012 _ (1 + i)ZOlZ + (1 _ i)2012 _ _21007

Vay tap hop diém M la dudng tron: x* +(y+1)* =2.

Vi du 4. Trong mit phang phirc, tim tap hop céc diém biéu dién cua s phirc z thoa man dicu
kién: |z+2|=|i—z]

Loi gisi.

Cich 1: Dat z=a+bi, (a,beR) la s6 phtrc da cho va M(x;y) 1a diém biéu dién cua z trong

mat phing phuC.

Ta co: [z +2|=[i— 2| = |(x+2) + yi| =[x+ (y - 1) <:>\/(x+2)2 +y? =\/ (y=1)°

< 4x+2y+3=0.

Vay, tip hop diém M can tim I dudng thing 4x+2y+3=0.

Cach 2: |z+2|=i-7| < |z—(-2)|=|z-i ()

Dat z=a+bi, (a,beR) la s6 phirc da cho va M(x;y) 1a diém biéu dién ciia z trong mit
phing phuc, diém A biéu dién s6 -2 tiic A(-2;0) va diém B biéu dién sb phirc i tic B(0;1)
Khi d6 (*) <MA=MB

Vay, tap hop diém M can tim 1 duong trung truc ctia AB: 4x+ 2y+3=0.

Vi du 5. Trong mit phing phirc, tim tap hop cac diém biéu dién cia sé phirc z thoa man didu
kién: |z-2|+|z+2|=5

Loi giai.

Dat z=a+bi, (a,beR) la s6 phtc da cho va M(x;y) 1a diém biéu dién cua z trong mit

phang phtC.

Ta co: |z—2|+|z+2|=5<:>|(a—2)+bi|+|(a+2)+bi|=5 hay \/(a—2)2+b2 +\/(a+2)2+b2 =5

(1)

o (a-2f +b+(as2) +b2 =5(\/(a—2)2+b2 —\/(a+2)2+b2]

ya-2) +1? - ar2) 412 =2 (2)
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\/(.91—2)2+b2 +\/(a+2)2+b2 =5

Ja-2) 402 = J(a+2)? +b2 =_8§

Tl (1), (2) taco hé:

Cach 2 : Dat z=a+bi, (a,b eR) la s6 phtic di cho va M(x;y) la diém bicu dién cua z trong
mat phing phuC.
Trong mit phang phiic, xét cc diém F, (-2;0),E, (2;0)

Ta c6: MF, = (-2-a)" +(-b)" =y(a+2)* +b? =|z+2)

MEF, = [(2-a) +(-b) =y(a-2)* +b* |22
Gia thiét [z—2| +|z+2|=5 < MEF, + ME, =5

Vi ME, +MF, >EE, , nén tap hop diém M 1a 1 elip.

Ta co:
2c=4

2a=5 {4a2 =925 2
=

2
Y
(E): 55+ 5 =1

=
4p% =9
4 4

Vidu 6. Giai cac phuong trinh sau trén tap sé phirc:

1. 2% +(2-2i)z2 +(5-4i)z—10i =0 biét phuong trinh c6 nghiém thudn ao

AN\3
Lz 207822 2741=0 3. [Z_lj -8
z+1

Loi giai.
1. Gid sir z=xi la mdt nghiém cua phuong trinh . Khi do, ta co:
—3i—(2-2i)x% +(5—4i)xi—10i =0

& (-2X% +4x) + (= +2x%2 +5x—10)i =0
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-2x% +4x =0 NIV . . Ve
<:>{ e & x=2 = x=2i 1a m§t nghiém cua phuong trinh. Nén ta bién d6i

-3 +2x? +5x-10=0

phuong trinh d cho vé dang:

z=2i —2i
(2-2)(7* +22+5) =0 N
z-+2z+5=0 z=-1%2i

2. Vi z=0 khong la nghi¢ém cua phuong trinh nén

Phuong trinh < z* +l2-2(z+1)—1=0
Z Z

@(z+1)2—2(z+1)—3=0
Z Z

Z=-1
Z=3"

1+ :
¢ Z-deritodoizi1=0o 2= 1‘2‘/51
Z

-3+
e 7=-3722+32+1=0=z= 356.

bat Z=z+1,tacé: ZZ—2Z—3:O<:>[
Z

=—1+3

3.Dit Z=2"L tacéd: ZB =8 (Z-2)(Z2 +2Z+4)=0 c{
z+1 Z

. Z=2<:>Z—_i=2<:>z—i=22+2<:>z=—2—i

zZ+
z-i =—1+«/§i<:>z=_5_\/§+2+\/§i.
z+1 7 7

=L =—1—\/§i©z=_5+\/§+2_\/§i.

+1 7 7

o Z=—1+Bie

o Z=—1-BiaZ
Z

o TBY o L1ty

X2 +y2 X X2 +y2

78x . 11x+16y
y+ =15 —— -

x2+y2 X +y2

Vidu 7. Giai hé phuong trinh:
1

Loi giai.

L oA ATt s 1 x-yi

Xét sO phiic z=x+yi Vb1 x,ye R,suyra —= *).
et

78y
x> + y2
78x

X+y

X+ =20 (1)

. Lay (1)+(2) vé theo vé, ta dugc:

1. Hé suy ra (
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78y

)Yy e T8 liog0415i (3).
X"ty X:Z-I—y2

Phuong trinh (3) viét lai (x+yi)+78i. ’;_yi2 =20+15i hay z 78504150 (4) do (), quy
X~ +y z

ddng mau sé phuong trinh (4) varut gon ta dugc: z* -5(4+3i)z+78i=0 (5), phuong trinh
(5) co biét 0 A=(16+ 9i)2 nén cé nghiém z=2+3i hodc z=18+12i.

Vay hé phuong trinh ¢6 nghiém (x;y)=(2;3),(18;12).

2. H¢ suyra x+—16x_11y+i[y——1lx+16y]=7—i

2ty 2ty

S Xty H16— Tl _7-{ oz 0TIl
X +y2 x2+y2 z

7-ie 2?2 —(7-1)z+16-11i=0, phuong

trinh nay co hai nghiém: z=2-3i,z=5+2i, hé c6 nghiém: (x;y)=(2;-3) hodc (xy)=(5;2)
Dang lrgng gidc ciia s6 phire
Phwong phap:
Céng thitc De — Moivre: Cé thé néi cong thirc De — Moivre 1a mét trong nhiing cong
thirc thu vi va 1 nén tang cho mot loat cong thirc quan trong khac sau nay nhu phép
lu¥ thira, khai can s phirc, cong thirc Euler.
Cong thire 1:

(cosx+isinx).(cosy+isiny) :cos(x+y)+isin(x+y)

P s E n . .
Cong thirc 2 : (Cosx+1smx) = cosnx +isinnx

S6 phitc z=a+bi ta co: z=a+bi=\/a2+b2[ a b J

+ i
\/a2 +b? \/a2 +b?

=|z|(cos<p+isin(p) =r(c05(p+isin(p)
Vi r=|z| vagéc ¢ duoc goi la argument clia z, ky hi¢u la arg(z). Ngugc vdi phép luy thira
ta ¢6 phép khai can

Vi du 7. Viét cac s6 phire sau dudi dang luong giac . Tir d6 hiy viét dang dai s6 cua 222

1. z=—2+2i 2. z=\/g—\/5i 3. z=1—cosg+isin§

Loi giai.
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— (22 +22 =22
1 r=22
sinp=—==— =1 3n

22 2

1
cosp=——=

N

Vay z= .’Z\/E(cos?%E +isin374n] .

2012
N (2«/5 )2012 [COS% +isin %) =318 (COS 5037m +isin 503n) — 3018

Vay 2012 _ 23018

2. Taco: 2=22 [i—%J 2*/_(‘:05(_8}181“(_%)}

= 72012 _ 3018 (cos —10:;)6n +isin —10;)6th =23018 (cosz—?:t +isin %)

223018{ 1 \/_J 23017 1 4 [3iy.

3. Ta co:

.2 T .. T T T b1
z=2sin" — + 2isin—cos— =2sin—| sin— +1cos—
16 16 16 16 16 16

. T m .. 7¢n
=2sin—| cos— +1isin—
16 16 16

2012 - - 2012
= 72012 - 2sml cos—ﬂ:+isi1r1—7t
16 16 16

2" 3:1n . 3521n
=| 2sin— cos +isin
16 4 4

2012 2012
= 2sin£ cosE+isinE = ZSin1 £+£i .
16 4 4 16 2 2

Vidu8. Goi z;, z, la 2 nghiém cua phuong trinh: 7z —(1+\/§)(1—i)z—4i =0. Tinh gia tri
biéu thirc Q=27""+2""
Loi giai.

Phuong trinh: 22— (1+V3)(1-i)z—4i=0 06 biét s6 A=2i(4-243)
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D& thy 4-23=(\B-1)", 2i=(i+1). Khidg A=[(\/§—1)(i+1)]2
Suy ra phuong trinh cho ¢é 2 nghiém z,; = J3 -, z,=1 ENE)

Mat khéc z, = J3oi= Z[COS(—g) +isin(—gﬂ,

z,=\3-i= 2[cos(—§)

Khi dé :

Q= 22012 |:COS (——202275) +isin (— 202271) +cos (— 20:1))27c) +1isin (— —20:1))271: H

; ﬁ ] _ 2012

+« o A 2
Cue tri cia so phue

Vi du 9 Cho s6 phirc z théa man:|z—4+3i|=3. Tim s6 phttc z ¢6 modul nhé nhat.

Loi giai.

Dit z=a+bi (a, beR).Khido |z-4+3i|=3 < |(a—4)+(b+3)i|=3

& (:11—4)2 + (b+3)2 =9. Do d6 cac diém M biéu dién s6 phitc z thoa man bai toan nam trén
duong tron (C) tm 1(4;-3)va ban kinh R=3

|| dat gi tri nh6 nhat khi va chi khi diém M e (C)va gin O nhit .

Khidé M la giao diém ctia (C) va duong thang OI , véi M la giao diém gan O hon va

01=./42+(—3) =5

Ké MH 1 Ox.

Theo dinh Ii talet, ta co: MH_OM_OI-R_5-3 2 _ \y_®
3 Ol 5 5 5 5

Lai cé: %=O—M:OH=E
2 Ol 5

Vay, s6 phirc can tim & z= % +gi
Vi du 10 Cho s6 phic z théa méan |z—3+4i| =4 . Tim gié tri 16n nhat va gié trj nhé nhét cua
17

Loi giai.
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Cdch 1: 4p dung bat dang thirc tam giac, ta c6

|IzI—I3—4i||§|z—(3—4i)|=4:>—4+I3—4i|§|z|£4+|3—4i|

:>1s|z|s9.

° |z|=1c>z=§—gi :rnin|z|=1

. |z|=9@z=2—57—3—;i:max|z|=9.

Cich 2: Dit z=x+iy =>z—3+4i=(x-3)+(y+4)i
Nén tir gia thiét = (x—3)? +(y +4)?> =16
X2 +y? —2(3x—4y)+9=0 (*)
Do (3x—4y)2 SZS(XZ +y2):>—5\’x2 +y2 £3x—4y351’x2 +y2
. , x2+y2—10\[x2+y2 +9<0
Nén tur (*) ta co:
x2+y2+10\[x2+y2 +920
:13,/x2+y2 £9:>1§|z|£9.

Tuong tu nhu trén: min|z|=1 va max|7=9.
Chu y: Ta c6 thé giai bai toan theo cach sau
Tir (x— 3)2 +(y+ 4)2 =16=3Ja €[ 0;2n | sao cho:
x=3+4sina;y=—4+4coso . Khi do:

|z|2 =(3+451r10c)2 +(—4+4cosa)2 =41+8(3sin0c—4cosoc)

Do —5S351na—4cosa£5:>1s|z|2 £81:1S|z|$9.

i—-m

Tmm_z) "%

Vi du 11 Cho s6 phirc z=

1. Tim m dé z;:%
2. Tim gié tri nho nhét cia sé thue k sao cho ton tai m dé lz—1 <k
Loi gii.

L mai (—m+i)[(1—m2)—2miJ m i
o 1-m(m-2i) [(1—m2)+2mi][(1—m2)—2mi] m?+1 m’+1
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